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Abstract

Let ρ : GQ Ñ GLnpQpq be a Galois representation, and assume that there exists another
Galois representation r which arises from an automorphic form, and is such that ρ » r pmod pq.
Can we deduce then that ρ arises from an automorphic form as well? The patching argument,
pioneered by Wiles and Taylor, allows us to make this deduction.

Let ρ : GQ Ñ GLnpQpq be a Galois representation, and assume that there exists another Galois
representation r which arises from an automorphic form, and is such that ρ » r pmod pq. Can
we then deduce that ρ arises from an automorphic form as well? To answer this question we will
take another perspective on our problem, so let us rephrase our question in the following way. Let
ρ : GQ Ñ GLnpFpq be the residual representation attached to ρ. Can we identify which of the repre-
sentations lifting ρ are automorphic?

The advantage of this point of view is the introduction of techniques from deformation theory
in the study of our problem. In fact, via Mazur’s deformation theory, we are led to a universal
deformation ring Rρ which parametrizes all lifts of ρ, meaning that there exists a universal Galois
representation ρuniv : GQ Ñ GLnpRρq lifting ρ, and such that any other lift with coefficients in a ring
S arises as a composition of ρuniv and a map Rρ Ñ S.

In particular, this means that all automorphic representations factor through a map Rρ Ñ T,
where T denotes the Hecke algebra. To understand where the patching argument comes from, we
need to look at SpecpTq as a closed subspace of SpecpRρq. A careful study of the irreducible com-
ponents of SpecpTq inside SpecpRρq reveals an argument which can give a positive answer to our
original question. However, the singularities of SpecpRρq stop our naive argument from working, and
we require more sophisticated methods to work around this obstacle.

In an attempt to smoothen the singularities of the universal deformation ring, Wiles and Taylor
proposed patching together a family of auxiliary universal rings that arise when modifying slightly
our deformation problem. After this process, we obtain an abstract ring on which we can perform
computations. In particular, we can prove certain facts about the irreducible components of this ring
which can then be transferred back to our original ring, allowing us to answer our question positively.
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