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Let F/k be a global function field. The genus g of F satisfies:

g=1—-n-— ‘[OF : A[H]]‘ + ‘[(9,:,oo : Aoo[é?oo]]’ + Cen(n—1)/2




Global function fields

Function fields

k finite field
A:=k[t], K :=k(t), wheretisan indeterminate
Voo : K — Z U {00} discrete valuation at oo

A = k[t_l](t—l) valuation ring of vu,



Global function fields
Function fields

k finite field
A:=k[t], K :=k(t), wheretisan indeterminate
Voo : K — Z U {00} discrete valuation at oo

A = k[t_l](t—l) valuation ring of vu,

f(t,x) = x"+a1(t)x""1 + - + an(t) € A[x] irreducible separable
F := K[x]/(f(t, x)) algebraic function field over k of degree n

Pr set of all places of F/k

vp : F — Z U {oo} discrete valuation, which is zero on k*

deg P = dimy kp, where kp is the residue class field of vp



Global function fields
Divisors

Dr free abelian group generated by Pg

D=3 pep, ap - P divisor of F

deg D := ) pcp, ap - deg P

(z) :== > _pep, vp(z) - P principal divisor of z € F*
L(D):={ae F*|(a)>—-D}U{0} Riemann-Roch space of D
dim D := dimy L(D)

g :=max{degD —dimD + 1| D € Dg} genus of F



Global function fields
Genus

Let F/k be a global function field. The genus g of F satisfies:

g=1-n—[0F: Al]]| + |[OF o0 : Asclbs]l| + Cen(n—1)/2



Global function fields
Maximal orders

Of := Cl(A, F) finite maximal order

0 € F root of f(t,x)=x"+ ar(t)x""1 4 -+ a,(t), so that
F = k(t,0)

A[6] finite equation order of f
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Of := Cl(A, F) finite maximal order

0 € F root of f(t,x)=x"+ ar(t)x""1 4 -+ a,(t), so that
F = k(t,0)

A[6] finite equation order of f
OF 0 := Cl(Ax, F) infinite maximal order
Cr = max{[dega;(t)/i] |1 <i<n}

foo(t™1, x) i= t7"C (1, tx) € k[t71, x] C Aso[X]



Global function fields
Maximal orders

Of := Cl(A, F) finite maximal order

0 € F root of f(t,x)=x"+ ar(t)x""1 4 -+ a,(t), so that
F = k(t,0)

A[6] finite equation order of f

OF 0 := Cl(Ax, F) infinite maximal order

Cr = max{[dega;(t)/i] |1 <i<n}

foo(t™1, x) i= t7"C (1, tx) € k[t71, x] C Aso[X]

O := 0/t satisfies foo(t™1,050) = 0, so that F = k(t™1,0.)

Ax[f] infinite equation order of



Global function fields
Genus

Let F/k be a global function field. The genus g of F satisfies:

g=1-n-— ‘[(9,: : A[@]H + ‘[(9,::OO : AOO[HOO]]’ + Cen(n—1)/2




Global function fields
Indices of modules

Definition

Let M and M’ be two free A-modules (or As,-modules) of rank n.
The index [M : M'] is the class of det(T) in K*/k*, where

T € GL,(K) is a transition matrix between a basis of M’ and a
basis of M.

Voo([M = M'T) and v(¢)([M : M']) are uniquly defined integers.



Global function fields
Indices of modules

Definition

Let M and M’ be two free A-modules (or As,-modules) of rank n.
The index [M : M'] is the class of det(T) in K*/k*, where

T € GL,(K) is a transition matrix between a basis of M’ and a
basis of M.

Voo([M = M'T) and v(¢)([M : M']) are uniquly defined integers.

We are interested in v,(4)([OF : A[f]]) and veo([OF 00 1 Aco[f]])



Global function fields
The Montes algorithm

Montes algorithm

INPUT
— Defining polynomial f(t,x) of a global function field F/k
— An irreducible polynomial p(t) € A
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The Montes algorithm

Montes algorithm

INPUT
— Defining polynomial f(t,x) of a global function field F/k
— An irreducible polynomial p(t) € A

OUTPUT
— The non-negative integer ind ;) := v (1) ([OF : Alf]])



Global function fields
The Montes algorithm

Montes algorithm

INPUT
— Defining polynomial f(t,x) of a global function field F/k
— An irreducible polynomial p(t) € A

OUTPUT
— The non-negative integer ind ;) := v (1) ([OF : Alf]])

We may apply the Montes algorithm to f,,(t~1, x) and the
irreducible polynomial 1/t of As,. We obtain analogous the value
of the integer

indos 1= Voo ([OF 00 1 Asc[b]])-



Lattices over polynomial rings

Lattices

||: K= {—0}UZ, |g|:= —ve(g), degree function



Lattices over polynomial rings

Lattices

||: K= {—0}UZ, |g|:= —ve(g), degree function

Let E be a finite dimensional K-vector space. A norm on E is a
mapping || ||: E — {—oo} UR satisfying:

Q x+yll < max{[lx], [ly][}, for all x,y € E

Q |lax|| = |a| + ||x||, for all a e K, x € E

Q ||x|| = —oc if and only if x = 0.




Lattices over polynomial rings

Lattices

||: K= {—0}UZ, |g|:= —ve(g), degree function

Let E be a finite dimensional K-vector space. A norm on E is a
mapping || ||: E — {—oo} UR satisfying:

Q [Ix + yll < max{[[x[|, [lyl[}, for all x,y € E

Q |lax|| = |a| + ||x||, for all a e K, x € E

Q ||x|| = —oc if and only if x = 0.

Definition
A lattice L over A is an A-submodule of full rank of E equipped
with a norm such that

| A\

dim{x € L | ||x|| < r} < oo, for each r € R.




Lattices over polynomial rings

Reduced bases, orthonormal bases and determinant

A K-basis B = {b1,...,b,} of (E,| ||) is reduced if
llaib1 + -« + anby|| = max {llaibill}, VYai,...,an € A.

A reduced basis of E is orthonormal if —1 < ||b|| <0, Vb € B.

Let L be a lattice in E. The determinant d(L) € K*/A%_ is the
determinant of the transition matrix from any basis of L to any
orthonormal basis of E. )




Lattices over polynomial rings

Reduced bases, orthonormal bases and determinant

A K-basis B = {b1,...,b,} of (E,| ||) is reduced if
larby + -+ + anbyl| = max {{laibi[[}, Var,... a, € A

A reduced basis of E is orthonormal if —1 < ||b|| <0, Vb € B.

Let L be a lattice in E. The determinant d(L) € K*/A%_ is the
determinant of the transition matrix from any basis of L to any
orthonormal basis of E.

| \

Theorem
© Every lattice admits a reduced basis.
@ If B={b1,...,bn} is a reduced basis of L, then
[d(D)] = 2a<ical lbillT-

A




Genus computation
Riemann-Roch theory and lattices

Consider (F,|| ||) with the norm:

1zl = = minpep,, {vp(2)/e(P/o0)} .

(OF, || ||) is a lattice.
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dim(£(0)) = Z[”bimgo(—ﬂlbim +1).




Genus computation
Riemann-Roch theory and lattices

Consider (F,|| ||) with the norm:

1zl = = minpep,, {vp(2)/e(P/o0)} .

(OF, || ||) is a lattice.

Theorem
Let B :={b1,..., b} be a reduced basis of Of. Then,

dim(£(0)) = Z[”bimgo(—ﬂlbim +1).

In particular, |d(OfF)| =g+ n—1.




Genus computation
Riemann-Roch theory and lattices

Consider (F,|| ||) with the norm:

1zl = = minpep,, {vp(2)/e(P/o0)} .

(OF, || ||) is a lattice.

Theorem
Let B :={b1,..., b} be a reduced basis of Of. Then,

dim(£(0)) = Z[”bimgo(—ﬂlbim +1).

In particular, |d(OfF)| =g+ n—1.

v

|d(OF)| = —|[OF : AlB]]| + |[OF 00 : Asc[fss]]| + Cen(n —1)/2 )




Genus computation
Genus

Let F/k be a global function field. The genus g of F satisfies:

g=1—n—|[OF: A0]]| + |[OF o : Ass[0]l| + Crn(n—1)/2




Genus computation
Computation of the genus

INPUT
A global function field F/k with defining polynomial f of degree n.

OUTPUT
The genus g of F.

1. foo « t=Cf(t,t%x)
2. Finitelndex < 0
3. Factorize Disc(f) in A
4. FOR all irreducible polynomials p(t) € A with
Vp(t)(Disc(f)) > 2 DO
ind,(¢) <= Montes (f, p(t))
FiniteIndex <— Finitelndex + |p(t)] - ind (s
5. indy < Montes(fy, 1/t)
6. return 1 — n—Finitelndex— inds +C¢n(n — 1) /2



Genus computation
Numerical tests

f=(x4p(t)+ -+ p(t))" + p(t)k € Fa7t, x]

g | p(t)y | n| k | r I.C. Algo | Magma
0 t 5 7 110 0.0 0.02 0.39
22 | t3+2 23] 30 |10 808 | 831 |66289.34
0 | t+1 |77 |163 |20 | 265.4 | 267.91 —




Genus computation
Numerical tests

f=(x4p(t)+ -+ p(t))" + p(t)k € Fa7t, x]

g | p(t)y | n| k | r I.C. Algo | Magma
0 t 5 7 110 0.0 0.02 0.39
22 | t3+2 23] 30 |10 808 | 831 |66289.34
0 | t+1 |77 |163 |20 | 265.4 | 267.91 —

f = (Iaer, (x + ta)™ 4+ t(£2 + 1)K)™ + t(+? + 1)3™ € Fa[t, x]

g |deg(f) | k| m| L.C. | Algo | Magma
50 12 2121 0.01]0.05 0.82
528 48 514 | 113 | 3.96 | 1322.08
1136 75 7151 9.0 | 379 | 15961.82
1198 147 1|7 ] 260 80.3 —




Genus computation
Numerical tests

f="14 - Fx+1)" 4tk e Fylt, x|

q |degf | m| [ | k || I.C. | Algo | Magma
101 8 4 | 3 (13 0.00 | 0.01 0.10
13 42 7|7 |13 |0.01 017 | 2929
3 260 3121 | 2 || 002 0.82 —
36 | 13 | 420 1121] 5 | 145] 3.81 —

N| O o0y

[y

N




Genus computation

Runtime

Theorem

Let F/k be a function field over the finite field k with g elements
and with defining polynomial f of degree n. Then, the algorithm
needs at most

O(n**“C¢*log(q))

operations in k to determine the genus of F.
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