Universal quadratic forms and
indecomposables over totally real fields

Daniel Gil Munoz

Charles University in Prague
Department of Algebra

Barcelona, February 2022

Daniel Gil Muiioz Universal quadratic forms



About us

UFOCLAN: Universal quadratic forms and class numbers

@ Czech Science Foundation project (2021-2025).
@ Principal Investigator: Vitézslav Kala.

@ Postdocs: Matteo Bordignon, Giacomo Cherubini,
Daniel Gil Munoz, Eric Nathan Stucky, Pavlo Yatsyna,
Btazej Zmija.

@ PhD students: Jakub Krasensky, Ester Sgallova,
Mikulas Zindulka.

@ Research interests: Universal quadratic forms,
indecomposables and their connection to class numbers.

We have a 3 year-postdoc opening (deadline: 15th February).

Daniel Gil Muiioz Universal quadratic forms



Table of contents

0 Preliminaries
@ Integral quadratic forms
@ Quadratic forms over number fields

9 Ranks of universal quadratic forms
@ The connection with indecomposables
@ The quadratic case

© Totally real cubic fields
@ The parallelepipeds method
@ Indecomposables on simplest cubic fields
@ Other families of cubic fields

Daniel Gil Muiioz Universal quadratic forms



Preliminaries .
Integral quadratic forms

Quadratic forms over number fields

Table of contents

0 Preliminaries

Daniel Gil Muiioz Universal quadratic forms



Preliminaries

Integral quadratic forms

Quadratic forms over number fields

An integral quadratic form is a degree 2 homogeneous
polynomial with integer coefficients.
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Preliminaries

Integral quadratic forms

Quadratic forms over number fields

An integral quadratic form is a degree 2 homogeneous
polynomial with integer coefficients.

n
QX1,..., Xn) = ajXiXj, aj € Z.
ij=1
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Preliminaries

Integral quadratic forms

Quadratic forms over number fields

An integral quadratic form is a degree 2 homogeneous
polynomial with integer coefficients.

n
QX1,..., Xn) = ajXiXj, aj € Z.
ij=1

Definition

@ Q represents a € 7Z if there is some (X, ...,Xn) € Z" such
that Q(xq,...,Xn) = a.
@ Q is universal if it represents all positive integers.
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Preliminaries

Integral quadratic forms

Quadratic forms over number fields

An integral quadratic form is a degree 2 homogeneous
polynomial with integer coefficients.

n
QX1,..., Xn) = ajXiXj, aj € Z.
ij=1

Definition

@ Q represents a € 7Z if there is some (X, ...,Xn) € Z" such
that Q(xq,...,Xn) = a.
@ Q is universal if it represents all positive integers.

Example (Lagrange, 1770)

The sum of four squares is universal.
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Preliminaries

Integral quadratic forms

Quadratic forms over number fields

It can be checked that

4+d = x2 — y? + dz? is universal.

Daniel Gil Muiioz Universal quadratic forms



Preliminaries

Integral quadratic forms

Quadratic forms over number fields

It can be checked that
4+d = x2 — y? + dz? is universal.

However, this quadratic form is not positive definite.
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Preliminaries

Integral quadratic forms

Quadratic forms over number fields

It can be checked that
4+d = x2 — y? + dz? is universal.

However, this quadratic form is not positive definite.

Definition

We say that Q is positive definite if for every (xy,...,xn) € Z",
Q(xq,...,x5) > 0.
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Preliminaries

Integral quadratic forms

Quadratic forms over number fields

It can be checked that
4+d = x2 — y? + dz? is universal.

However, this quadratic form is not positive definite.

Definition

We say that Q is positive definite if for every (xy,...,xn) € Z",
Q(xq,...,x5) > 0.

Proposition

There are no positive definite ternary universal quadratic forms
over Q.
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Preliminaries

Integral quadratic forms

Quadratic forms over number fields

It can be checked that
4+d = x2 — y? + dz? is universal.

However, this quadratic form is not positive definite.

Definition

We say that Q is positive definite if for every (xy,...,xn) € Z",
Q(xq,...,x5) > 0.

Proposition
There are no positive definite ternary universal quadratic forms
over Q.

Then, the minimal rank of a positive definite universal quadratic
form with integer coefficients is 4.
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Preliminaries 0
Integral quadratic forms

Quadratic forms over number fields

Theorem (Bhargava - Hanke, 2011)

Let Q be a positive definite quadratic form over Z. If Q
represents the twenty nine integers

1,2,3,5,6,7,10,13,14,15,17,19,21,22,23, 26,

29, 30,31,34,35,37,42,58,93,110, 145, 203, 290,

then Q is universal.

Moreover, this set is minimal for that property.
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Preliminaries 0
Integral quadratic forms

Quadratic forms over number fields

Theorem (Bhargava - Hanke, 2011)

Let Q be a positive definite quadratic form over Z. If Q
represents the twenty nine integers

1,2,3,5,6,7,10,13,14,15,17,19,21,22,23, 26,

29, 30,31,34,35,37,42,58,93,110, 145,203, 290,
then Q is universal.

Moreover, this set is minimal for that property.

This is commonly known as the 290-theorem.
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Preliminaries

Integral quadratic forms

Quadratic forms over number fields

A quadratic form over a number field K is a degree 2
homogeneous polynomial with coefficients in O.
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Preliminaries

Integral quadratic forms

Quadratic forms over number fields

A quadratic form over a number field K is a degree 2
homogeneous polynomial with coefficients in O.

n
QX1,..., Xn) = > ajXiX;, aj € O.
ij=1
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Preliminaries

Integral quadratic forms

Quadratic forms over number fields

A quadratic form over a number field K is a degree 2
homogeneous polynomial with coefficients in O.

n
QX1,..., Xn) = > ajXiX;, aj € O.
ij=1

Assume that K is totally real ~ o1,...,04: K — R.
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Preliminaries

Integral quadratic forms

Quadratic forms over number fields

A quadratic form over a number field K is a degree 2
homogeneous polynomial with coefficients in O.

n
QX1,..., Xn) = > ajXiX;, aj € O.
i j=1
Assume that K is totally real ~ o1,...,04: K — R.
For o, 5 € K, we define

a<f = oi(a)<oi(p), 1<i<d.
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Preliminaries

Integral quadratic forms

Quadratic forms over number fields

A quadratic form over a number field K is a degree 2
homogeneous polynomial with coefficients in O.

n
QX1,..., Xn) = > ajXiX;, aj € O.
i j=1
Assume that K is totally real ~ o1,...,04: K — R.
For o, 5 € K, we define

a<f = oi(a)<oi(p), 1<i<d.

Definition
@ Anelement o € K is said to be totally positive if o > 0.

@ We say that Q is universal if it represents all totally
positive integers.
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Preliminaries

Integral quadratic forms

Quadratic forms over number fields

As in the integral case, we focus on positive definite forms.
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Preliminaries

Integral quadratic forms
Quadratic forms over number fields

As in the integral case, we focus on positive definite forms.

Definition

A quadratic form over K is positive definite if
Q(x1,...,Xn) = 0 forevery (xi,...,Xxn) € O.

Daniel Gil Muiioz Universal quadratic forms



Preliminaries

Integral quadratic forms

Quadratic forms over number fields

As in the integral case, we focus on positive definite forms.

Definition

A quadratic form over K is positive definite if
Q(x1,...,Xn) = 0 forevery (xi,...,Xxn) € O.

Theorem (Maaf3, 1941)

The sum of three squares is universal over Q(\/5).
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Preliminaries

Integral quadratic forms

Quadratic forms over number fields

As in the integral case, we focus on positive definite forms.

Definition
A quadratic form over K is positive definite if
Q(x1,...,Xn) = 0 forevery (xi,...,Xxn) € O.

Theorem (Maaf3, 1941)

The sum of three squares is universal over Q(+/5).

Theorem (Siegel, 1945)

If the sum of n squares is universal over K, then

K = Q orQ(v5).

Daniel Gil Muiioz Universal quadratic forms



The connection with indecomposables

f universal quadratic forms
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The connection with indecomposables

Ranks of universal quadratic forms )
The quadratic case

Theorem (Hsia - Kitaoka - Kresner, 1978)

For every totally real number field K, there exists a universal
quadratic form over K.
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The connection with indecomposables

Ranks of universal quadratic forms )
The quadratic case

Theorem (Hsia - Kitaoka - Kresner, 1978)

For every totally real number field K, there exists a universal
quadratic form over K.

v

Let K be a totally real field. What is the minimal n € Z~q for
which there is a universal quadratic form over K of rank n?
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The connection with indecomposables

Ranks of universal quadratic forms )
The quadratic case

Theorem (Hsia - Kitaoka - Kresner, 1978)

For every totally real number field K, there exists a universal
quadratic form over K.

v

Let K be a totally real field. What is the minimal n € Z~q for
which there is a universal quadratic form over K of rank n?

We ask for the value of

m(K) = minimal rank of a universal form over K.
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The connection with indecomposables

Ranks of universal quadratic forms )
The quadratic case

Theorem (Hsia - Kitaoka - Kresner, 1978)

For every totally real number field K, there exists a universal
quadratic form over K.

v

Let K be a totally real field. What is the minimal n € Z~q for
which there is a universal quadratic form over K of rank n?

We ask for the value of
m(K) = minimal rank of a universal form over K.

There are not universal forms of ranks 1 or 2, i.e. m(K) > 3.
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The connection with indecomposables

Ranks of universal quadratic forms )
The quadratic case

Theorem (Hsia - Kitaoka - Kresner, 1978)

For every totally real number field K, there exists a universal
quadratic form over K.

v

Let K be a totally real field. What is the minimal n € Z~q for
which there is a universal quadratic form over K of rank n?

We ask for the value of
m(K) = minimal rank of a universal form over K.

There are not universal forms of ranks 1 or 2, i.e. m(K) > 3.

Conjecture (Kitaoka)
m(K) = 3 only for finitely many totally real fields K.

Daniel Gil Muiioz Universal quadratic forms




. . The connection with indecomposables
Ranks of universal quadratic forms

The quadratic case

NUMBER FIELDS WITHOUT n-ARY UNIVERSAL QUADRATIC
FORMS

VALENTIN BLOMER AND VITEZSLAV KALA

AnstracT. Given any positive integer M, we show that there are infinitely many real
quadratic fields that do not admit universal quadratic forms with even cross coeflicients
in M variables.

UNIVERSAL QUADRATIC FORMS AND ELEMENTS OF SMALL
NORM IN REAL QUADRATIC FIELDS

VITEZSLAV KALA

ApsTRACT. For any positive integer M we show that there are infinitely many real gua-
dratic fields that do not admit M-ary universal quadratic forms (without any restriction
on the parity of their eross coefficients).
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. . The connection with indecomposables
Ranks of universal quadratic forms

The quadratic case

In 2015, Blomer and Kala introduced a strategy to determine
families of number fields without universal quadratic forms of
few unknowns.

Daniel Gil Muiioz Universal quadratic forms



The connection with indecomposables
The quadratic case

Ranks of universal quadratic forms

In 2015, Blomer and Kala introduced a strategy to determine
families of number fields without universal quadratic forms of
few unknowns.

Proposition

Assume that there are totally positive integers ay, ..., an € Ok
such that if4a;a; = ¢ for all 1 < i,j < n with ¢ € O, then

c = 0. Then every universal quadratic form has rank at least n.
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The connection with indecomposables
The quadratic case

Ranks of universal quadratic forms

In 2015, Blomer and Kala introduced a strategy to determine
families of number fields without universal quadratic forms of
few unknowns.

Proposition

Assume that there are totally positive integers ay, ..., an € Ok
such that if4a;a; = ¢ for all 1 < i,j < n with ¢ € O, then

c = 0. Then every universal quadratic form has rank at least n.

A good choice for these elements a; are indecomposable
elements of K.
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. . The connection with indecomposables
Ranks of universal quadratic forms

The quadratic case

In 2015, Blomer and Kala introduced a strategy to determine
families of number fields without universal quadratic forms of
few unknowns.

Proposition

Assume that there are totally positive integers ay, ..., an € Ok
such that if4a;a; = ¢ for all 1 < i,j < n with ¢ € O, then
c = 0. Then every universal quadratic form has rank at least n.

A good choice for these elements a; are indecomposable
elements of K.

Definition

A totally positive element o € Ok is said to be
indecomposable if « # 3 + ~ for all totally positive 3,~ € Ok.
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The connection with indecomposables
The quadratic case

Ranks of universal quadratic forms

The 'more’ indecomposables K have, the more unknowns need
quadratic forms over K to be universal.
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The connection with indecomposables
The quadratic case

Ranks of universal quadratic forms

The 'more’ indecomposables K have, the more unknowns need
quadratic forms over K to be universal.

Suppose that « is indecomposable and represented by a
(positive definite) diagonal quadratic form

n
o = Z a,-,-x,-2.
i=1
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The connection with indecomposables
The quadratic case

Ranks of universal quadratic forms

The 'more’ indecomposables K have, the more unknowns need
quadratic forms over K to be universal.

Suppose that « is indecomposable and represented by a
(positive definite) diagonal quadratic form

n
2
o = Z aiiX; .
i=1
Necessarily, for some 1 < jp < n,

2
o = a,-o,-ox,-o.
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The connection with indecomposables
The quadratic case

Ranks of universal quadratic forms

The 'more’ indecomposables K have, the more unknowns need
quadratic forms over K to be universal.

Suppose that « is indecomposable and represented by a
(positive definite) diagonal quadratic form

n
2
o = Z aiiX; .
i=1
Necessarily, for some 1 < jp < n,

2
o = a,-o,-ox,-o.

Then the rank of a diagonal universal quadratic form is at least
the number of indecomposables modulo squares.
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. . The connection with indecomposables
Ranks of universal quadratic forms

The quadratic case

Indecomposables of K = Q(v/D) can be determined explicitly
in terms of the continued fraction expansion of

VD if D=1 (mod4),

VD if D=2,3(mod4).

w =
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. . The connection with indecomposables
Ranks of universal quadratic forms

The quadratic case

Indecomposables of K = Q(v/D) can be determined explicitly
in terms of the continued fraction expansion of

VD if D=1 (mod4),

VD if D=2,3(mod4).

w =

w:[U07u17"'aUS—1aUS])
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. . The connection with indecomposables
Ranks of universal quadratic forms

The quadratic case

Indecomposables of K = Q(v/D) can be determined explicitly
in terms of the continued fraction expansion of

VD if D=1 (mod4),

VD if D=2,3(mod4).

w =

w:[U07u17"'aUS—1aUS])
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. . The connection with indecomposables
Ranks of universal quadratic forms

The quadratic case

Indecomposables of K = Q(v/D) can be determined explicitly
in terms of the continued fraction expansion of

VD if D=1 (mod4),

VD if D=2,3(mod4).

w =

w:[U07u17"'aUS—1aUS])

Q@ Uy = LwJ,
@ (uy,...,Us_1) is a palyndrome,

Daniel Gil Muiioz Universal quadratic forms



. . The connection with indecomposables
Ranks of universal quadratic forms

The quadratic case

Indecomposables of K = Q(v/D) can be determined explicitly
in terms of the continued fraction expansion of

VD if D=1 (mod4),

VD if D=2,3(mod4).

w =

w:[U07u17"'aUS—1aUS])

@ Uy = LwJ,
@ (uy,...,Us_1) is a palyndrome,
@ us=2up+1if D=1 (mod4) and us = 2up otherwise.
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. . The connection with indecomposables
Ranks of universal quadratic forms

The quadratic case

w:[U07U17"'7US—17US]7

@ Uy = LwJ,
@ (uy,...,Us_1) is a palyndrome,
@ Us =2up+1if D=1 (mod4) and us = 2up otherwise.
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. . The connection with indecomposables
Ranks of universal quadratic forms

The quadratic case

w:[U07U17"'7US—17US]7

@ Uy = LwJ,

@ (uy,...,Us_1) is a palyndrome,

@ Us =2up+1if D=1 (mod4) and us = 2up otherwise.
For i € Z>¢, denote

g:::[UOw--an]'
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. . The connection with indecomposables
Ranks of universal quadratic forms

The quadratic case

w:[U07U17"'7US—17US]7

@ Uy = LwJ,
@ (uy,...,Us_1) is a palyndrome,
@ Us =2up+1if D=1 (mod4) and us = 2up otherwise.

For i € Z>¢, denote

g:::[UOw--an]'

a; = p; + gjw is the i-th convergent of w.
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. . The connection with indecomposables
Ranks of universal quadratic forms

The quadratic case

w:[U07U17"'7US—17US]7

@ Uy = LwJ,
@ (uy,...,Us_1) is a palyndrome,
@ Us =2up+1if D=1 (mod4) and us = 2up otherwise.

For i € Z>¢, denote

g:::[UOw--an]'

a; = p; + gjw is the i-th convergent of w.

Forevery i > 0, ajip = Ujioajiq + ;.
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The connection with indecomposables

Ranks of universal quadratic forms
q The quadratic case

Theorem
The elements

Qjr = raj 1 + o, 0<r<uo,iodd

and their conjugates are all indecomposables > 1 of

K = Q(vD).
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The connection with indecomposables

Ranks of universal quadratic forms
q The quadratic case

Theorem
The elements

Qjr = raj 1 + o, 0<r<uo,iodd

and their conjugates are all indecomposables > 1 of

K = Q(vD).

From the coefficients of w, we can control the properties of
indecomposables in K = Q(v/D).
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The connection with indecomposables

Ranks of universal quadratic forms
q The quadratic case

Theorem
The elements

Qjr = raj 1 + o, 0<r<uo,iodd

and their conjugates are all indecomposables > 1 of

K = Q(vD).

From the coefficients of w, we can control the properties of
indecomposables in K = Q(v/D).

It is also possible to assure the existence of infinitely many
values for w with a prescribed continuous fraction expansion.

Daniel Gil Muiioz Universal quadratic forms



The connection with indecomposables

Ranks of universal quadratic forms
q The quadratic case

Theorem
The elements

Qjr = raj 1 + o, 0<r<uo,iodd

and their conjugates are all indecomposables > 1 of

K = Q(vD).

From the coefficients of w, we can control the properties of
indecomposables in K = Q(v/D).

It is also possible to assure the existence of infinitely many
values for w with a prescribed continuous fraction expansion.

All of this led to the following.
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The connection with indecomposables

Ranks of universal quadratic forms
q The quadratic case

Theorem (Blomer-Kala, 2015; Kala, 2016)

For every n € Z>q, there are infinitely many totally real
quadratic fields K such that m(K) > n.
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The connection with indecomposables

Ranks of universal quadratic forms
q The quadratic case

Theorem (Blomer-Kala, 2015; Kala, 2016)

For every n € Z>q, there are infinitely many totally real
quadratic fields K such that m(K) > n.

This means that for arbitrarily large n there are infinitely many
quadratic fields K without universal n-ary quadratic forms over
K.
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The connection with indecomposables

Ranks of universal quadratic forms
q The quadratic case

Theorem (Blomer-Kala, 2015; Kala, 2016)

For every n € Z>q, there are infinitely many totally real
quadratic fields K such that m(K) > n.

This means that for arbitrarily large n there are infinitely many
quadratic fields K without universal n-ary quadratic forms over
K.

In higher degree, there is the analogous result for:
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The connection with indecomposables

Ranks of universal quadratic forms
q The quadratic case

Theorem (Blomer-Kala, 2015; Kala, 2016)

For every n € Z>q, there are infinitely many totally real
quadratic fields K such that m(K) > n.

This means that for arbitrarily large n there are infinitely many
quadratic fields K without universal n-ary quadratic forms over
K.

In higher degree, there is the analogous result for:

@ (Yatsyna, 2019) Cubic fields.
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The connection with indecomposables

Ranks of universal quadratic forms
q The quadratic case

Theorem (Blomer-Kala, 2015; Kala, 2016)

For every n € Z>q, there are infinitely many totally real
quadratic fields K such that m(K) > n.

This means that for arbitrarily large n there are infinitely many
quadratic fields K without universal n-ary quadratic forms over
K.

In higher degree, there is the analogous result for:

@ (Yatsyna, 2019) Cubic fields.
@ (Kala-Svoboda, 2019) Multiquadratic fields.
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The connection with indecomposables

Ranks of universal quadratic forms
q The quadratic case

Theorem (Blomer-Kala, 2015; Kala, 2016)

For every n € Z>q, there are infinitely many totally real
quadratic fields K such that m(K) > n.

This means that for arbitrarily large n there are infinitely many
quadratic fields K without universal n-ary quadratic forms over
K.

In higher degree, there is the analogous result for:

@ (Yatsyna, 2019) Cubic fields.
@ (Kala-Svoboda, 2019) Multiquadratic fields.
@ (Kala, 2021) Fields of degree divisible by 2 or 3.
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. . The connection with indecomposables
Ranks of universal quadratic forms

The quadratic case

If we restrict to diagonal quadratic forms, there are more explicit
bounds available:
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The connection with indecomposables
The quadratic case

Ranks of universal quadratic forms

If we restrict to diagonal quadratic forms, there are more explicit
bounds available:

Theorem (Blomer - Kala, 2018)

Let K = Q(v/D). We have

max (I\/Zg, CEME,G) S mdiag(K) S 8MD

for any e > 0, where:

@ Mp is a sum of the coefficients u; in the continued fraction
expansion of w.

@ x=2Iifsisoddand k = 1 otherwise.
@ C. is a constant depending on .

@ My, _is obtained from Mp by removing the summands not
sat/sfymg a lower bound involving D and e.

V.
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The parallelepipeds method
Indecomposables on simplest cubic fields
Totally real cubic fields Other families of cubic fields

Table of contents
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The parallelepipeds method
Indecomposables on simplest cubic fields

Totally real cubic fields Other families of cubic fields

UNIVERSAL QUADRATIC FORMS, SMALL NORMS AND TRACES
IN FAMILIES OF NUMBER FIELDS

VITEZSLAV KALA AND MAGDALENA TINKOVA

ApsTRACT. We obtain good estimates on the ranks of universal quadratic forms over Shanks’ family
of the simplest cubic fields and several other families of totally real number fields. As the main tool
we characterize all the indecomposable integers in these fields and the elements of the codifferent of
small trace. We also determine the asymptotics of the number of principal ideals of norm less than the

sguare root of the discriminant.
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The parallelepipeds method
Indecomposables on simplest cubic fields

Totally real cubic fields Other families of cubic fields

In 2020, Kala and Tinkova introduced a geometric method to
find the indecomposables of a totally real field.
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The parallelepipeds method
Indecomposables on simplest cubic fields

Totally real cubic fields Other families of cubic fields

In 2020, Kala and Tinkova introduced a geometric method to
find the indecomposables of a totally real field.

Assume now that K is a degree d totally real field.
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The parallelepipeds method
Indecomposables on simplest cubic fields

Totally real cubic fields Other families of cubic fields

In 2020, Kala and Tinkova introduced a geometric method to
find the indecomposables of a totally real field.

Assume now that K is a degree d totally real field.
By means of an integral basis of K, let us embed K on R,
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The parallelepipeds method
Indecomposables on simplest cubic fields

Totally real cubic fields Other families of cubic fields

In 2020, Kala and Tinkova introduced a geometric method to
find the indecomposables of a totally real field.

Assume now that K is a degree d totally real field.
By means of an integral basis of K, let us embed K on R,

Theorem (Shintani’s unit theorem)

The fundamental domain of the multiplication action by totally
positive units of K on the totally positive octant R%+ s a
polyhedric cone.
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The parallelepipeds method
Indecomposables on simplest cubic fields

Totally real cubic fields Other families of cubic fields

In 2020, Kala and Tinkova introduced a geometric method to
find the indecomposables of a totally real field.

Assume now that K is a degree d totally real field.
By means of an integral basis of K, let us embed K on R,

Theorem (Shintani’s unit theorem)

The fundamental domain of the multiplication action by totally
positive units of K on the totally positive octant R%+ s a
polyhedric cone.

A polyhedric cone is a disjoint union of simplicial cones

Claq,...,ae) =RTay + -+ RTae.
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The parallelepipeds method
Indecomposables on simplest cubic fields

Totally real cubic fields Other families of cubic fields

A polyhedric cone is a disjoint union of simplicial cones

Clag,...,ae) =RTaq + -+ Rtae.
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The parallelepipeds method
Indecomposables on simplest cubic fields

Totally real cubic fields Other families of cubic fields

A polyhedric cone is a disjoint union of simplicial cones
Clag,...,ae) =RTaq + -+ Rtae.
A totally positive element must lie in the parallelepiped

D(aq,...,ae) =[0,1]aq + - + [0, 1]ce.
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The parallelepipeds method
Indecomposables on simplest cubic fields

Totally real cubic fields Other families of cubic fields

A polyhedric cone is a disjoint union of simplicial cones
Clag,...,ae) =RTaq + -+ Rtae.
A totally positive element must lie in the parallelepiped
D(aq,...,ae) =[0,1]aq + - + [0, 1]ce.

On the other hand, an algebraic integer o € Ox embeds to Z9.
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The parallelepipeds method
Indecomposables on simplest cubic fields

Totally real cubic fields Other families of cubic fields

A polyhedric cone is a disjoint union of simplicial cones
Clag,...,ae) =RTaq + -+ Rtae.
A totally positive element must lie in the parallelepiped
D(aq,...,ae) =[0,1]aq + - + [0, 1]ce.

On the other hand, an algebraic integer o € Ox embeds to Z9.

For each indecomposable o. € O}, there is a totally positive
unite € OF such that e lies in a set of the form

|_|Doz1 o aynzd,
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Now, assume that d = 3, i.e. K is totally real and cubic.
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Now, assume that d = 3, i.e. K is totally real and cubic.
Oy = Zleq, €2)
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Now, assume that d = 3, i.e. K is totally real and cubic.

Oy = Zley, e2], {1, €2} system of fundamental units.
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Now, assume that d = 3, i.e. K is totally real and cubic.

Oy = Zley, e2], {1, €2} system of fundamental units.

Proposition (Thomas, Vasquez (1980))

Let (e1,€2) be a proper pair of fundamental units of K. Then, a
fundamental domain for the action above is

C(1,61,62)UC(1,61,6162_1).
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Proposition

Let K be a totally real cubic field and let {¢1,e2} be a system of
fundamental units. For every indecomposable o € Ok, o lies
(up to multiplication by totally positive unit) in

(D(1,e1,e2) UD(1, €1, 165 1)) N Z5.
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Proposition

Let K be a totally real cubic field and let {¢1,e2} be a system of
fundamental units. For every indecomposable o € Ok, o lies
(up to multiplication by totally positive unit) in

(D(1,e1,e2) UD(1, €1, 165 1)) N Z5.

General strategy:

Daniel Gil Muiioz Universal quadratic forms



The parallelepipeds method
Indecomposables on simplest cubic fields
Totally real cubic fields Other families of cubic fields

Proposition

Let K be a totally real cubic field and let {¢1,e2} be a system of
fundamental units. For every indecomposable o € Ok, o lies
(up to multiplication by totally positive unit) in

(D(1,e1,e2) UD(1, €1, 165 1)) N Z5.

General strategy:

@ Find a system of fundamental units {eq, e2}.

Daniel Gil Muiioz Universal quadratic forms



The parallelepipeds method
Indecomposables on simplest cubic fields
Totally real cubic fields Other families of cubic fields

Proposition

Let K be a totally real cubic field and let {¢1,e2} be a system of
fundamental units. For every indecomposable o € Ok, o lies
(up to multiplication by totally positive unit) in

(D(1,e1,e2) UD(1, €1, 165 1)) N Z5.

General strategy:

@ Find a system of fundamental units {eq, e2}.

@ Compute all lattice points in the parallelepipeds
D(1,e1,e2), D(1, €1, €165 ).
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Proposition

Let K be a totally real cubic field and let {¢1,e2} be a system of
fundamental units. For every indecomposable o € Ok, o lies
(up to multiplication by totally positive unit) in

(D(1,e1,e2) UD(1, €1, 165 1)) N Z5.

General strategy:

@ Find a system of fundamental units {eq, e2}.

@ Compute all lattice points in the parallelepipeds
D(1,€eq,€2), D(1,61,€1€E1).
@ Check which ones are actually indecomposables in K.
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How do we check that a given candidate is an
indecomposable?
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How do we check that a given candidate is an
indecomposable?

The codifferent of K is

O = {6 € K| Tr(ad) € Z for all a € Ok}.
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How do we check that a given candidate is an
indecomposable?

The codifferent of K is

O = {6 € K| Tr(ad) € Z for all a € Ok}.

Let (’)X’+ be the set of its totally positive integers.
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How do we check that a given candidate is an
indecomposable?

The codifferent of K is

O = {6 € K| Tr(ad) € Z for all a € Ok}.

Let (’)X’+ be the set of its totally positive integers.

If a € Ok satisfies

minéeoz,+TI‘(Oz5) = 1,

then « is an indecomposable.
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The parallelepipeds method
Indecomposables on simplest cubic fields

Totally real cubic fields Other families of cubic fields

How do we check that a given candidate is an
indecomposable?

The codifferent of K is

O = {6 € K| Tr(ad) € Z for all a € Ok}.

Let (’)X’+ be the set of its totally positive integers.

If a € Ok satisfies

minéeoz,+TI‘(Oz5) = 1,

then « is an indecomposable.

If K is quadratic, the converse is true.
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A simplest cubic field is a cubic number field K given by
fx)=x®—-ax®* —(a+3)x—1,acZ=_1,a#0.

That is, K = Q(p) for a root p of f.
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A simplest cubic field is a cubic number field K given by
fx)=x®—-ax®* —(a+3)x—1,acZ=_1,a#0.

That is, K = Q(p) for a root p of f.
They are a subfamily of totally real cyclic cubic fields.
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A simplest cubic field is a cubic number field K given by
fx)=x®—-ax®* —(a+3)x—1,acZ=_1,a#0.

That is, K = Q(p) for a root p of f.
They are a subfamily of totally real cyclic cubic fields.

We will assume that Ok = Z[p] and apply the method with the
integral basis {1, p, p?}.

Daniel Gil Muiioz Universal quadratic forms



The parallelepipeds method
Indecomposables on simplest cubic fields

Totally real cubic fields Other families of cubic fields

A simplest cubic field is a cubic number field K given by
fx)=x®—-ax®* —(a+3)x—1,acZ=_1,a#0.

That is, K = Q(p) for a root p of f.
They are a subfamily of totally real cyclic cubic fields.

We will assume that Ok = Z[p] and apply the method with the
integral basis {1, p, p?}.

This assumption is not very restrictive.
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A simplest cubic field is a cubic number field K given by
fx)=x®—-ax®* —(a+3)x—1,acZ=_1,a#0.

That is, K = Q(p) for a root p of f.
They are a subfamily of totally real cyclic cubic fields.

We will assume that Ok = Z[p] and apply the method with the
integral basis {1, p, p?}.

This assumption is not very restrictive.

A = &° + 3a+ 9 square-free =— Oy = Z[p). \
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A simplest cubic field is a cubic number field K given by
fx)=x®—-ax®* —(a+3)x—1,acZ=_1,a#0.
That is, K = Q(p) for a root p of f.

They are a subfamily of totally real cyclic cubic fields.

We will assume that Ok = Z[p] and apply the method with the
integral basis {1, p, p?}.

This assumption is not very restrictive.

A = &° + 3a+ 9 square-free =— Oy = Z[p). \

This happens for a positive density of a.
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Kala - Tinkova, 2020: Let K be a simplest cubic field such that
Ok = Z[p]. The indecomposables of K other than 1 are:
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Kala - Tinkova, 2020: Let K be a simplest cubic field such that
Ok = Z[p]. The indecomposables of K other than 1 are:

@ The triangle of indecomposables:

—v—wpt(v+1)p?, 0<v<a v(at2)+1 < w < (v+1)(at+).
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Kala - Tinkova, 2020: Let K be a simplest cubic field such that
Ok = Z[p]. The indecomposables of K other than 1 are:

@ The triangle of indecomposables:

—v—wpt(v+1)p?, 0<v<a v(at2)+1 < w < (v+1)(at+).

All of these have codifferent trace 1.
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Kala - Tinkova, 2020: Let K be a simplest cubic field such that
Ok = Z[p]. The indecomposables of K other than 1 are:

@ The triangle of indecomposables:

—v—wpt(v+1)p?, 0<v<a v(at2)+1 < w < (v+1)(at+).

All of these have codifferent trace 1.

@ The exceptional indecomposable 1 + p + p?.
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Kala - Tinkova, 2020: Let K be a simplest cubic field such that
Ok = Z[p]. The indecomposables of K other than 1 are:

@ The triangle of indecomposables:

—v—wpt(v+1)p?, 0<v<a v(at2)+1 < w < (v+1)(at+).

All of these have codifferent trace 1.
@ The exceptional indecomposable 1 + p + p?.

This one satisfies

minéeox,+Tr(a5) =2
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If a is an indecomposable in K, then

ming_ v+ Tr(ad) < 2.
K
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Corollary
If a is an indecomposable in K, then

ming_ v+ Tr(ad) < 2.
K

Theorem (Kala - Tinkova, 2020)

Let K be a simplest cubic field such that Oy = Z[p]. Then:
(1) Myiae(K) < 3(8°% +3a+6).

(2) Metassic( K) > E232£8,

(3) Ifa> 21, m(K) > L?j;**‘

.
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Corollary
If a is an indecomposable in K, then

ming_ v+ Tr(ad) < 2.
K

Theorem (Kala - Tinkova, 2020)

Let K be a simplest cubic field such that Oy = Z[p]. Then:
(1) Myiae(K) < 3(8°% +3a+6).

(2) Metassic( K) > E232£8,

(3) Ifa> 21, m(K) > L?j;**‘

.

In particular, Kitaoka’s conjecture holds for this family.
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Sketch of proof of (1): Myi,e(K) < 3(2° + 3a+ 6)
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Sketch of proof of (1): Myi,e(K) < 3(2° + 3a+ 6)

Definition

The Pythagoras number of a ring R is the smallest integer s
such that every finite sum of squares in R is a sum of s squares
in R.
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Sketch of proof of (1): Myi,e(K) < 3(2° + 3a+ 6)

The Pythagoras number of a ring R is the smallest integer s

such that every finite sum of squares in R is a sum of s squares
in R.

v

Let F be a totally real field with Pythagoras number s. Call S
the set of representatives of classes of indecomposables in O
moaulo OF2.

Then F has a diagonal universal quadratic form of rank s|S|.
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Sketch of proof of (1): Myi,e(K) < 3(2° + 3a+ 6)

The Pythagoras number of a ring R is the smallest integer s
such that every finite sum of squares in R is a sum of s squares

in R.

v

Let F be a totally real field with Pythagoras number s. Call S
the set of representatives of classes of indecomposables in O
moaulo OF2.

Then F has a diagonal universal quadratic form of rank s|S|.

A simplest cubic field K has s = 6 and || = £+3a+6
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Ennola’s cubic fields: K = Q(p), p root of

fX)=x3+(a—1)x® —ax — 1, ac Zss.
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Ennola’s cubic fields: K = Q(p), p root of

fX)=x3+(a—1)x® —ax — 1, ac Zss.

Proposition (Kala - Tinkova (2020))

The indecomposables in Z|p] other than 1 are

T+wp+p2, 1<w<a-—1.
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Ennola’s cubic fields: K = Q(p), p root of

fX)=x3+(a—1)x® —ax — 1, ac Zss.

Proposition (Kala - Tinkova (2020))

The indecomposables in Z|p] other than 1 are

T+wp+p2, 1<w<a-—1.

Proposition (Tinkova (2021))

For every indecomposable o € Z[p], o # 1, we have

minéeoz,+Tr(a5) =2
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K = Q(p), p root of

f(x)=x3 - (2a+2)x® + a(a+2)x — 1, ac Zs».
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K = Q(p), p root of

f(x)=x3 - (2a+2)x® + a(a+2)x — 1, ac Zs».

Proposition (Kala - Tinkova (2020))

1. The indecomposables in Z[p] other than 1 are 1 — ap + p?
and
(@+2v+1)p—vp?, 1<v<a-1,

1+ (a+2w+1)p—wp?, a<w<2a—1.

4
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K = Q(p), p root of

f(x)=x3 - (2a+2)x® + a(a+2)x — 1, ac Zs».

Proposition (Kala - Tinkova (2020))

1. The indecomposables in Z[p] other than 1 are 1 — ap + p?
and
(@+2v+1)p—vp?, 1<v<a-1,

1+ (a+2w+1)p—wp?, a<w<2a—1.

2. There is some indecomposable o € Z|p] such that

minéeoz,+Tr(a5) =3.

4
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K = Q(p), p root of

fx)=x>—(a+b)x®+abx—1,abcZ 2<a<b-2
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K = Q(p), p root of

fx)=x>—(a+b)x®+abx—1,abcZ 2<a<b-2

Proposition (Tinkova (2021))
1. The indecomposables in Z[p] other than 1 are

—v+(bw+1)p—2p%, 0 < v < b—a—1,va< w < (v+1)a—1.

.
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K = Q(p), p root of

fx)=x3—(a+b)x>+abx—1,abecZ 2<a<b-2.

Proposition (Tinkova (2021))
1. The indecomposables in Z[p] other than 1 are

—v+(bw+1)p—2p%, 0 < v < b—a—1,va< w < (v+1)a—1.

2. Given n € Z~, there is some indecomposable o € Z[p]
such that
mjn(SEOX’JrTr(O“;) > Nn.

.
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In progress

Determine the indecomposables of simplest cubic fields K such
that Ox # Z|[p].

Daniel Gil Muiioz Universal quadratic forms



The parallelepipeds method
Indecomposables on simplest cubic fields
Totally real cubic fields Other families of cubic fields

In progress

Determine the indecomposables of simplest cubic fields K such
that Ox # Z|[p].

If § =[Ok : Z[p]], indecomposables lie in

(D(1,e1,e2) UD(1, 1, €165 1)) N (723).
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In progress

Determine the indecomposables of simplest cubic fields K such
that Ox # Z|[p].

If § =[Ok : Z[p]], indecomposables lie in

1

(D(1,e1,e2) UD(1, 1, €165 1)) N (523).

We study subfamilies depending on their integral bases.
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In progress

Determine the indecomposables of simplest cubic fields K such
that Ox # Z|[p].

If § =[Ok : Z[p]], indecomposables lie in

B 1
(D(1,e1,e2) UD(1, 1, €165 1)) N (523).

We study subfamilies depending on their integral bases.
@ a=3,21(mod27), & square-free.
@ a=>5,41(mod49), % square-free or equal to 9 times a

square-free.
@ a=12(mod27), & square-free.
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In progress

Determine the indecomposables of simplest cubic fields K such
that Ox # Z|[p].

If § =[Ok : Z[p]], indecomposables lie in

B 1
(D(1,e1,e2) UD(1, 1, €165 1)) N (523).

We study subfamilies depending on their integral bases.
@ a=3,21(mod27), & square-free.
@ a=>5,41(mod49), % square-free or equal to 9 times a
square-free.
@ a=12(mod27), & square-free.

Next: Codifferent trace, Pythagoras number,
bounds for m(K)...
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Thank you for your attention
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