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Notations

F a totally real field; OF its ring of integers; d :“ rF : Qs.
n Ď OF integral ideal; ψ0 : pOF {nq

˚ Ñ Q˚; a a fractional ideal.

SkpΓpa, nq, ψ0q “ space of Hilbert cusp forms f : Hd Ñ C of parallel
weight k ě 1, character ψ0, and relative to Γpa, nq.

h “ strict class number of F (tγ reps. of the strict class ideals).

Skpn, ψ0q denotes the space of

f :“ pf1, . . . , fhq P
h
ź

γ“1

SkpΓptγd, nq, ψ0q .
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Dirichlet series

Each fγ admits a Fourier expansion

fγpz1, . . . , zdq “
ÿ

0!µPtγ

aγpµqe
2πip

řd
j“1 µjzj q , for pz1, . . . , zdq P Hd .

(µ1, . . . , µd denote the images of µ by the d embeddings of F into C).

For 0 “ a Ď OF , there exist γ P t1, . . . , hu and a totally positive
µ P tγ such that a “ µt´1

γ . Define

cpa, fq :“ aγpµqNptγq
´k{2.

(it depends neither on the choice of γ nor of tγ).

The Dirichlet series associated to f is

Dpf, sq :“
ÿ

0“aĎOF

cpa, fqNpaq´s .
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Ordinary primes

There is a theory of Hecke operators tTnpaq,SnpaquaĎOF
on Skpn, ψ0q.

ψ0 ù ψ : In8 Ñ Q˚ ray class char. of modulus n8 restricting to ψ0

on pOF {nq
˚. Set

Skpn, ψq :“ tf P Skpn, ψ0q |Snpaqpfq “ ψpaqf for all a Ď OF u .

For f P Skpn, ψq a newform, set

Kf :“ Qptcpa, fquaĎOF
q; Of its ring of integers.

λ Ď Of prime. f is ordinary at λ if for p Ď OF , p|Npλq,

x2 ´ cpp, fqx ` ψppqNppqk´1

has a unit root mod λ.
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Wiles’ result

Main Theorem (Wiles)

If f is ordinary at λ, there exists a continuous odd irreducible rep.

%f,λ : GF Ñ GL2pOf,λq

unramified outside nNpλq and such that for all primes q - nNpλq

Trp%f,λqpFrobqq “ cpq, fq ,

detp%f,λqpFrobqq “ ψpqqNpqqk´1 .

In the previous talk we saw:

Theorem (Carayol)

For k ě 2 and f not necessarily ordinary at λ, there exists %f,λ if either

i) d is odd; or

ii) d is even and there is a prime p||n.
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General strategy

Skpn, ψ |Zrψsq :“ tg P Skpn, ψq | cpa, gq P Zrψs for all a Ď OF u.

Fix a prime p from now on. For simplicity assume p ě 3.

For a subring Zrψs Ď A Ď Qp, set

Skpn, ψ |Aq :“ Skpn, ψ |Zrψsq bZrψs A

K a finite extension of QpppX qq; Λ “ integral closure of ZprrX ss.
Assume Λ Ě ZprψsrrX ss.

K :“ K XQp; O its ring of integers.

Step 1: Λ-adic forms

Define Spn,ψ |Λq and specialization maps νk,r : Λ Ñ Qp such that

F P Spn,ψ |Λq ñ νk,r pFq P Skpnpr , ψ%ζpr ω
2´k |Orζpr sq .
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General strategy

Step 2: Lifting

Define Sord
k pn, ψ |Oq Ď Skpn, ψ |Oq (containing the f ordinary at λ|p) s.t.

f P Sord
k pn, ψω2´k |Oq ñ DF P Sordpn,ψ |Λq and νk,0 s.t. νk,0pFq “ f .

Step 3: Patching – Theory of pseudo-representations

Write fk,r :“ νk,r pFq.

There exists %fk,r ,λ
for infinitely many νk,r

ùñ
There exists %F : GF Ñ GL2pKq s.t.
νk,r p%F q “ %fk,r ,λ for almost every νk,ζ

f ordinary at λ
Step2
ù D F s.t. νpFq “ f

Step3
ù

Step3
ù D%F : GF Ñ GL2pKq ù %f,λ “ νp%F q .
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Step 1: Defining Λ-adic forms

Recall that p ě 3 and further assume rQ8 X F : Qs “ 1.

For k ě 1, r ě 0, define the specialization map

νk,r : ZprrX ss Ñ Zprζs , X ÞÑ ζp1` pqk´2 ´ 1 ,

where ζp
r
“ 1.

By the going-up theorem:

Pk,r Ď Λ Ď K
| | |

kerpνk,r q Ď ZprrX ss Ď QpppX qq

Recall that K “ K XQp and O “ ΛXQp.

We may view Pk,r as the kernel of an O-algebra homomorphism
νk,r : Λ Ñ Qp extending νk,r .
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Λ-adic forms

For a fractional ideal a of F s.t. pa, pq “ 1, we can write

Npaq “ p1` pqαδ , with δ P µp´1, α P Zp .

Given ψ : In8 Ñ Q˚ and ζp
r
“ 1, define

ψ : lim
Ð
t

Inpt Ñ Λ , ψpaq “ ψpaqp1` X qα ,

%ζ : IprOF
Ñ Q˚ , %ζpaq “ ζα ,

ω : IpOF
Ñ Q˚ , ωpaq “ Npaq{p1` pqα “ δ .

We will call ω the Teichmüller character.
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Francesc Fité (Universität Duisburg-Essen) 13 / 35



Definition

A Λ-adic cuspidal form F over F of level n and character ψ : lim
Ð
t

Inpt Ñ Λ

is a collection of elements of Λ

tcpa,FqpX qu0 “aĎOF
Ď Λ ,

such that, for almost every νk,r , with k ě 2, r ě 0, there exists

fνk,r P Skpnpr , ψ%ζω
2´k |Orζsq

whose associated Dirichlet series is

Dpfνk,r , sq “
ÿ

0“aĎOF

νk,r pcpa,FqpX qqNpaq´s .

By abuse of notation, write νk,r pFq :“ fνk,r .
Spn,ψ |Λq is the Λ-module of Λ-adic cusp forms.
Set Spn,ψ |Λq “

Ť8
t“0 Spnpt ,ψ |Λq .
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Spn,ψ |Λq is the Λ-module of Λ-adic cusp forms.
Set Spn,ψ |Λq “

Ť8
t“0 Spnpt ,ψ |Λq .
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Step 2: The space of classical p-stabilized forms

We work at level npr , with r ě 1.

The Hida operator

e :“ lim
nÑ8

Tnpr ppq
n! : Skpnpr , ψ |Oq Ñ Skpnpr , ψ |Oq .

is an idempotent in EndOpSkpnpr , ψ |Oqq.
The space of p-stabilized cusp forms is

Sord
k pnpr , ψ |Oq :“ eSkpnpr , ψ |Oq.

Let f P Skpnpr , ψ |Oq be an eigenform of level m|npr .

ef “ 0 ô f is ordinary

P :“ product of primes of OF above p not dividing m.

ef is an eigenform of level mP.
The eigenvalue of TmPpqq on ef is

§ the same as for f for q - P;
§ the unit root of x2 ´ cpq, fqx ` ψpqqNpqqk´1 for q|P.
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Example

F “ Q and N ě 1 with pN, pq “ 1.

Let f “
ř

ně1 cnqn P SkpΓ0pNq, ψq be an ordinary eigenform.

x2 ´ cppf qx ` ψppqp
k´1 has roots α, β and suppose that α is a unit.

Using usual relations between Hecke operators one can check that
TNpppq acts on xf , f ppzqy by means of

B “

ˆ

cp 1
´ψppqpk´1 0

˙

.

B has eigenvectors fαpzq :“ f pzq ´ βf ppzq, fβpzq :“ f pzq ´ αf ppzq:

TNpppqpfαq “ αfα , TNpppqpfβq “ βfβ ñ

ñ efαpzq “ fαpzq , efβpzq “ 0 ñ

ñ ef pzq “ α
α´β fαpzq , epf ppzqq “ 1

α´β fαpzq .
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Francesc Fité (Universität Duisburg-Essen) 16 / 35



Example

F “ Q and N ě 1 with pN, pq “ 1.

Let f “
ř

ně1 cnqn P SkpΓ0pNq, ψq be an ordinary eigenform.

x2 ´ cppf qx ` ψppqp
k´1 has roots α, β and suppose that α is a unit.

Using usual relations between Hecke operators one can check that
TNpppq acts on xf , f ppzqy by means of

B “

ˆ

cp 1
´ψppqpk´1 0

˙

.

B has eigenvectors fαpzq :“ f pzq ´ βf ppzq, fβpzq :“ f pzq ´ αf ppzq:

TNpppqpfαq “ αfα , TNpppqpfβq “ βfβ ñ

ñ efαpzq “ fαpzq , efβpzq “ 0 ñ

ñ ef pzq “ α
α´β fαpzq , epf ppzqq “ 1

α´β fαpzq .
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The Lifting Theorem

The space of p-stabilized Λ-adic forms: There is an idempotent

E : Spn,ψ |Λq Ñ Spn,ψ |Λq

of EndΛpSpn,ψ |Λqq s.t. for almost every ν we have

νpEpFqq “ epνpFqq .

Theorem (Wiles, helped by Taylor & Shimura)

Sordpn,ψ |Λq :“ E Spn,ψ |Λq is free Λ-module of finite rank.

Hecke operators: For every a Ď OF , one can define Λ-linear maps

T paq : Spn,ψ |Λq Ñ Spn,ψ |Λq

s.t. for almost every ν we have νpT paqpFqq “ T paqpνpFqq.
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The lifting theorem

F P Spn,ψ |Λq is called:
§ a Hecke eigenform if it is an eigenvector for T paqpFq for every a Ď OF .
§ normalized if cpOF ,FqpX q “ 1.
§ a newform if it is a normalized eigenform s.t. νpFq is a newform of

level divisible by n0 (with pn0, pq “ 1) for almost every ν.

In fact, F is a newform ô νpFq is a newform for infinitely many ν.

Theorem (Hida for F “ Q and k ě 2; Wiles in general)

For a newform f P Sord
k pn, ψω2´k |Oq, k ě 1, there exist Λ Ě ZprrX ss,

νk,0, and a newform F P Sordpn,ψ |Λq s.t. νk,0pFq “ f.
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Step 3: Patching

Recall the setting

Λ Ď K O Ď K
| | | |

ZprψsrrX ss Ď QprψsppX qq Zprψs Ď Qprψs

There are two types of prime ideals P Ď Λ of height 1:

a) P|ppq (only a finite number); Λ{P finite extension of FprrX ss.
b) P is generated by a polynomial not divisible by p; Λ{P finite extension

of Zp.

From now on, “height 1 prime”=“height 1 prime of type b)”.

Consider tPnu
8
n“1 a set of distinct height 1 primes of Λ;

Kn “ field of fractions of Λ{Pn.

On “ integral closure of Λ{Pn in Kn.
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Patching Theorem (Wiles)

Suppose that for each n ě 1, there exists a continuous odd representation

%n : GF Ñ GL2pOnq

unramified outside np, for some n Ď OF . Suppose that for every prime
q - np, there exist cqpX q, εqpX q P Λ s.t.

Trp%nqpFrobqq ” cqpX q pmod Pnq ,

detp%nqpFrobqq ” εqpX q pmod Pnq .

Then there exists a continuous odd representation % : GF Ñ GL2pKq
unramified outside np s.t. for every prime q - np

Trp%qpFrobqq “ cqpX q P Λ ,

detp%qpFrobqq “ εqpX q P Λ .
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Francesc Fité (Universität Duisburg-Essen) 20 / 35



Pseudo-representations

Definition

Let G be a profinite group and let R be a commutative topological
integral domain. A pseudo-representation of G into R is a triple
π “ pAπ,Dπ,Cπq of continuous maps

Aπ : G Ñ R , Dπ : G Ñ R , Cπ : G ˆ G Ñ R

satisfying the following conditions for all elements g , gi P G :

i) Aπpg1g2q “ Aπpg1qAπpg2q ` Cπpg1, g2q.

ii) Dπpg1g2q “ Dπpg1qDπpg2q ` Cπpg1, g2q.

iii) C pg1g2, g3q “ Aπpg1qCπpg2, g3q ` Dπpg2qCπpg1, g3q.

iv) C pg1, g2g3q “ Aπpg3qCπpg1, g2q ` Dπpg2qCπpg1, g3q.

v) Aπp1q “ Dπp1q “ 1.

vi) Cπpg , 1q “ Cπp1, gq “ 0.

vii) Cπpg1, g2qCπpg3, g4q “ Cπpg1, g4qCπpg3, g2q.
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Pseudo-representations vs. Representations

Lemma

% : G Ñ GL2pRq is a rep. s.t.

%pgq “

ˆ

apgq bpgq
cpgq dpgq

˙

,

/

.

/

-

ñ

$

’

’

’

’

&

’

’

’

’

%

π :“ pAπp¨q,Dπp¨q,Cπp¨, ¨qq

is a pseudo-rep., where

Aπpgq :“ apgq, Dπpgq :“ dpgq,

Cπpg1, g2q :“ bpg1qcpg2q.
Conversely, if π “ pAπ,Dπ,Cπq is a pseudo-representation of G into R s.t.
there exist g1, g2 P G with Cπpg1, g2q P R˚, then

%pgq :“

ˆ

Aπpgq Cπpg , g2q{Cπpg1, g2q

Cπpg1, gq Dπpgq

˙

is a representation % : G Ñ GL2pRq.

If R is a field, then every pseudo-rep. comes from a rep.

Trpπqpgq :“ Aπpgq`Dπpgq , detpπqpgq :“ AπpgqDπpgq´Cπpg , gq .
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is a pseudo-rep., where

Aπpgq :“ apgq, Dπpgq :“ dpgq,

Cπpg1, g2q :“ bpg1qcpg2q.
Conversely, if π “ pAπ,Dπ,Cπq is a pseudo-representation of G into R s.t.
there exist g1, g2 P G with Cπpg1, g2q P R˚, then

%pgq :“

ˆ

Aπpgq Cπpg , g2q{Cπpg1, g2q

Cπpg1, gq Dπpgq

˙

is a representation % : G Ñ GL2pRq.

If R is a field, then every pseudo-rep. comes from a rep.

Trpπqpgq :“ Aπpgq`Dπpgq , detpπqpgq :“ AπpgqDπpgq´Cπpg , gq .
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Odd pseudo-representations

Definition

A rep. % is odd if there exists σ P G of order 2 s.t.

%pσq “

ˆ

´1 0
0 1

˙

.

A pseudo-rep. π is odd if there exists σ P G of order 2 s.t.

Aπpσq “ ´1, Dπpσq “ 1, Cπpg , σq “ Cπpσ, gq “ 0 @g P G .

Lemma

If 2 P R˚, then an odd pseudo-rep. π is determined by Trpπq.

Proof.

Aπpgq “
Trpπqpgq´Trpπqpgσq

2 , Dπpgq “
Trpπqpgq`Trpπqpgσq

2 .
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Francesc Fité (Universität Duisburg-Essen) 23 / 35



Odd pseudo-representations

Definition

A rep. % is odd if there exists σ P G of order 2 s.t.

%pσq “

ˆ

´1 0
0 1

˙

.

A pseudo-rep. π is odd if there exists σ P G of order 2 s.t.

Aπpσq “ ´1, Dπpσq “ 1, Cπpg , σq “ Cπpσ, gq “ 0 @g P G .

Lemma

If 2 P R˚, then an odd pseudo-rep. π is determined by Trpπq.

Proof.

Aπpgq “
Trpπqpgq´Trpπqpgσq

2 , Dπpgq “
Trpπqpgq`Trpπqpgσq

2 .
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Proof of the Patching Theorem

odd %n : GF Ñ GL2pOnq ù odd πn with values in On

πn is determined by Trpπnq “ Trp%nq P Λ{Pn

ù πn is with values in Λ{Pn.

Write Qr “ P1 X ¨ ¨ ¨ X Pr .

Suppose we have constructed a pseudo-rep. αr in Λ{Qr s.t.

αr ” πn pmod Pnq for 1 ď n ď r .

Observe that for 1 ď n ď r

Trpαr q ” Trpπnq “ Trp%nq ” Trp%r`1q “ Trpπr`1q pmod pPn,Pr`1qq

ñ Trpαr q ” Trpπr`1q pmod pQr ,Pr`1qq

ñ αr ” πr`1 pmod pQr ,Pr`1qq .
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Francesc Fité (Universität Duisburg-Essen) 24 / 35



Proof of the Patching Theorem

odd %n : GF Ñ GL2pOnq ù odd πn with values in On

πn is determined by Trpπnq “ Trp%nq P Λ{Pn

ù πn is with values in Λ{Pn.

Write Qr “ P1 X ¨ ¨ ¨ X Pr .

Suppose we have constructed a pseudo-rep. αr in Λ{Qr s.t.

αr ” πn pmod Pnq for 1 ď n ď r .

Observe that for 1 ď n ď r

Trpαr q ” Trpπnq “ Trp%nq ” Trp%r`1q “ Trpπr`1q pmod pPn,Pr`1qq

ñ Trpαr q ” Trpπr`1q pmod pQr ,Pr`1qq

ñ αr ” πr`1 pmod pQr ,Pr`1qq .
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Proof of the Patching Theorem.

By
0 Ñ Λ{Qr`1 Ñ Λ{Qr ‘ Λ{Pr`1 Ñ Λ{pQr ,Pr`1q Ñ 0 ,

we may lift the pseudo-rep. αr ‘ πr`1 into Λ{Qr ‘ Λ{Pr`1 to a
pseudo-rep. αr`1 into Λ{Qr`1 s.t.

αr`1 ” πn pmod Pnq for 1 ď n ď r ` 1 .

Set α :“ limÐ αn.

α is a pseudo-rep. into limÐ Λ{Pn » Λ, since X8n“1Pn “ 0.

α pseudo-rep. into K ù a rep. % : GF Ñ GL2pKq, which has the
desired properties.
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Layout

1 Wiles’ result and general notations

2 General strategy of the proof

3 Tools for the proof

4 Sketch of the proof

5 Are there any ordinary primes?
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Λ-adic representations attached to Λ-dic forms

Theorem (Wiles)

For a newform F P Sordpn,ψ |Λq, there is a cont. odd irred. rep.

%F : GF Ñ GL2pKq

unramified outside np s.t. for every prime q - np we have

Trp%F qpFrobqq “ cpq,FqpX q P Λ ,

detp%F qpFrobqq “ ψpqqNpqq P Λ .

It implies the Main Theorem:

f P Skpn, ψ |Oq
ordinary

ù
F P Sord

pn,ψωk´2 |Λq
s.t. νpFq “ ef.

ù %F ù %f,λ :“ νp%F q

Schur’s Lemma: If %f,λ : GQ Ñ GL2pLq exists, with L a finite
extension of Kf,λ, then there is an equivalent rep. GQ Ñ GL2pOf,λq.
Ribet: If %f,λ exists, then it is irreducible.
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Francesc Fité (Universität Duisburg-Essen) 27 / 35



Warm up: F “ Q
We show:

1 Eichler-Shimura (k=2)
2 Patching Theorem

*

ñ
Theorem on the previous slide

(existence of Galois reps. for k ě 1q .

For almost all r ě 1

fr :“ ν2,r pFq P Sord
2 pNpr , ψ%ζ |Orζsq

is an eigenform.

fr
1

ù %r : GQ Ñ GL2pOrζr sq a continuous irreducible odd
representation unramified outside Np satisfying that for every q - Np

Trp%r qpFrobqq “ cqpfr q ” cqpFqpX q pmod P2,r q ,

detp%r qpFrobqq “ ψpqqq1 ” ψpqqq pmod P2,r q ,

where P2,r “ prime of Λ associated to ν2,r .

t%rur
2

ù %F : GQ Ñ GL2pKq.
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General case

Assume d “ rF : Qs is even.

l Ď OF “ a prime s.t pl, npq “ 1.

Extending coefficients to K. Set

Sordpn,ψ |Kq :“ Sordpn,ψ |Λq bΛ K .

Space of oldforms with respect to l:

Sordpnl,ψ |Kqold :“ tFpzq ` Gplzq | F ,G P Sordpn,ψ |Kqu .

Space of newforms with respect to l:

Sordpnl,ψ |Kqnew :“ K
"

F i paijzq
F i P Sordpmi ,ψ |Λq newform
and l|mi , pp, aijq “ 1, aijmi |nl

*

,

Enlarge K so that it contains the eigenvalues of all eigenforms. Then:

Sordpnl,ψ |Kq “ Sordpnl,ψ |Kqold ‘ Sordpnl,ψ |Kqnew .

(sum decomposition which does not necessarily hold over Λ).
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The congruence module of F
Set

HpF , l |Kq :“ tH P Sordpnl,ψ |Kqnew |H “ G ´ u F ´v Fplzq,

with G P Sordpnl,ψ |Λq, u, v P Ku .

The congruence module for F is

C pF , l |Kq :“ HpF , l |Kq{Sordpnl,ψ |Kqnew X Sordpnl,ψ |Λq.

It measures how far the direct sum decomposition over K fails to be a
direct sum decomposition over Λ.

Let T Ď EndpSordpnl,ψ |Kqnewq denote the ring generated over Λ by
the Hecke operators T pmq for pm, lq “ 1.

Set
IF “ AnnpC pF , l |Kqq Ď T .

T pmq ´ cpm,FqpX q P IF
for pm, lq “ 1

ñ
T {IF » Λ{bF ,l

for some ideal bF ,l Ď Λ
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There are infinitely many specializations of each F i pai ,jzq in the
special basis satisfying hypothesis iiq of Carayol’s Theorem at l
ù %F i pai,jzq.

Set A :“
ś

i ,j K. Consider the rep.

à

%F i paijzq bK : GF Ñ GL2pAq

Endow A with an action of T by transport of structure. The map

TbKÑ A induced by T pqq ÞÑ
ź

i ,j

cpq,F i pai ,jzqq

is an isomorphism of TbK-modules.

We obtain an odd rep.

% : GF Ñ GL2pTbKq

s.t. for q - nlp

Trp%qpFrobqq “
ź

i,j

cpq,F i pai,jzqq “ T pqq P T .
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Let π be the odd pseudo rep. associated to %.

Trp%q P Tñ Trpπq P Tñ π is takes values in T.

Let π be the pseudo-rep. π pmod IF q:

TrpπqpFrobqq “ T pqq ” cpq,FqpX q P T {IF » Λ{bF ,l

Take a prime bF ,l Ď Q Ď Λ.

Let πQ be the pseudo-rep. π pmod Qq.

πQ ù %Q .

The proof continues with a difficult and technical argument to ensure
that, by making distinct choices of l, we may find infinitely many
distinct primes bF ,l Ď Q Ď Λ.

One concludes by patching together the %Q ’s.
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Francesc Fité (Universität Duisburg-Essen) 32 / 35



Let π be the odd pseudo rep. associated to %.

Trp%q P Tñ Trpπq P Tñ π is takes values in T.

Let π be the pseudo-rep. π pmod IF q:

TrpπqpFrobqq “ T pqq ” cpq,FqpX q P T {IF » Λ{bF ,l

Take a prime bF ,l Ď Q Ď Λ.

Let πQ be the pseudo-rep. π pmod Qq.

πQ ù %Q .

The proof continues with a difficult and technical argument to ensure
that, by making distinct choices of l, we may find infinitely many
distinct primes bF ,l Ď Q Ď Λ.

One concludes by patching together the %Q ’s.
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Layout

1 Wiles’ result and general notations

2 General strategy of the proof

3 Tools for the proof

4 Sketch of the proof

5 Are there any ordinary primes?
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On the existence of ordinary primes

For simplicity, take F “ Q.

For f pqq “
ř

ně1 cnqn P SkpN, ψq, set

Σ :“ tp prime | cp ı 0 pmod pqu .

For general f , is it known whether Σ:
§ has a positive density?
§ contains infinitely many primes?
§ is at least non empty?

If f has CM: an affirmative answer is well-known.
So assume, from now on, that f does not have CM.

For k ą 3: open.

For k ď 3: Σ has a positive density.

Theorem (Serre ’81)

The set S “ tp prime | cp “ 0u has zero density.
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So assume, from now on, that f does not have CM.

For k ą 3: open.

For k ď 3: Σ has a positive density.

Theorem (Serre ’81)

The set S “ tp prime | cp “ 0u has zero density.

Francesc Fité (Universität Duisburg-Essen) 34 / 35



On the existence of ordinary primes

Suppose that k ď 2. Then, the Ramanujan-Petersson inequality

|cp| ď 2ppk´1q{2 ď 2
?

p

implies that almost all primes not in Σ are in S .
Serre’s theorem ñ Σ has density 1.

Suppose now that k “ 3.
§ %f is odd ñ Trp%f qpσq “ 0.
§ Pick a prime ` ą 2. Then, the set

S` :“ tp prime | cp ” 0 pmod `qu

has a positive density.
§ The Ramanujan-Petersson inequality

|cp| ď 2p

implies now that every prime in S` and not in Σ is in S .
§ Serre’s Theorem ñ the density of Σ is at least the density of S`.
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