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Discrete valuation on a field K

Fix a valuation v: K — Z U {oo}

Only two properties in the toolbox

@ v: K*—— 7 is a group homomorphism
e v(a+b)>min{v(a), v(b)} (with = if v(a)# v(b))

Valuation ring (principal local ring)
{a e K | v(a) > O}

Maximal ideal
{a c K } v(a) > 0} 7O

Residue field
F:=0O/m



Extensions to the function field K (z)

V::{,u:K x)*—— Q discrete ‘,U\K—v w(z >O}

Discrete extensions

The value group T'(p):= pu(K(z)*) is cyclic

K* Y 4

e(n) € N is the ramification index of p

How to handle V7



Graded algebra of a valuation p on K(x)

Equivalence relation in K[x] with respect to p

Graded ring structure

H,(gh) = Hu(g) Hu(h) but H,(g+h) # Hu(g) + Hy(h)




Graded algebra of a valuation p on K(x)

Distinguished classes in K|x]

Those with p-value zero

Subring A(p)

[
A(p) — Gr(p)

The integral domain §Gr(p) is an [F-algebra



Graded algebra of a valuation p on K(x)

H, : Kle] —— Gr(n)

Divisibility relation in K[x] with respect to
hl,g <= Hu(h) divides H,(g) in Gr(u)

hlpg < With f € K[z]

Minimality in K[z] with respect to p

A polynomial ¢ € K[z] is p-minimal if

deg¢ = mln{degg | 0] |,u, g 7é 0}




Fundamental example: the valuation g,

g = Zasa:s € K[x]
530 | pto(a) == v(a,)

The smallest valuation in V

to(g) < p(g)| for all ge Klz] and all peV

A(uo) = Olz]/m[z] ~ Fly] [(po) =7Z
Bt — 0 0= ) M
a€Z

The simplest example

o=z is py-minimal




Another definition of p-minimality

For a fixed polynomial ¢ € K[z]\ K, let

g = Z gs ¢° (deg g: < deg @)

s>0

be the canonical ¢-expansion of a polynomial g € K|[z]

For a valuation p on K(x),

¢ is p-minimal
)

forall g € K[x], |u(g) = lsTl>1% p(gs ¢°)




Newton polygon operator attached to ¢ p-minimal

9=09 + 99+ -+ g¢ € Kz (degg. < dego, g. #0)

N, 4(g) | := lower convex hull of {Qs ’ 0<s<(}

0 01"d§ (9) s ord;l,,@(g) ¢

ord, ¢(9) = max{ >0 ‘ |, g}



Augmentations of a valuation p on K(x)

Key polynomials for u

KP(n) = {¢ € K[z] monic, p-minimal, p-irreducible }

¢ is p-irreducible < H,(¢) is prime in Gr(u)

KP(j1,) = { ¢ € Olz] monic with ¢ irreducible in F[y] }

Key definition

Given ¢ € KP(p) and v > 0, the augmentation |y —— p/ | is

<ZQS¢S) = { (95 ¢°) + sv}

s>0




Augmentations of a valuation p on K(x)

= 99

s>0
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line of slope —v first touching
the polygon from below

0 T odis()
p(g) =plg)| <= ord,4(g) =0 <= |u(g) = u(g)
)
¢J(u9




Augmentations of a valuation p on K(x)

Is 4/ as expected?

i is a valuation on K(z) with and ¢ € KP()/)

For which polynomials 1/ grows strictly?

The kernel of the graded algebra homomorphism
Gr(n) — Gr(u)

Hu(g) — g+ PL\W) =

n(g)

is (the prime ideal)




Augmentations of a valuation p on K(x)

S, (g) := v-component of N, (g)

For g,h € K[x], g,h # 0,
Sv(gh) = Su(g) + Su(h)




Augmentations of a valuation p on K(x)
Units in Gr(u)
For g € K[z], g # 0, these conditions are equivalent:

°© Hy(g) isa unit in Gr(y')

® g~y h forsome he K[r] with |degh < deg¢

@ S,(g) is a point on the ordinate axis

Non-equivalent conditions
¢tug = Hy(g)isawnit in Gr(y') = étpyg




Pseudo-valuation on K [x| attached to a key polynomial

Take pe€V and |[¢ € KP(u)

The polynomial ¢ is irreducible over the completion K, |

¢(0) =0 9(x) ——9(0) K, —— QU {00}

Klz] s Ky[z] —s=[ Ky = Ky[0]

K¢ K, v 7 U {00}




Some new info on key polynomials
Take p €V and |¢p € KP(u)

The polynomial ¢ has integral coefficients: ¢ € O[z] ]

The residue field Iy

K —— K,— K,
deg¢ = [Ky: Ko] = e(9) f()
m——s m,—— my
J [ [ 7(8) = [Fy : )]
0O——s 0, O
y/ Z
| i R e
F—=— F,C F,




Some new info on key polynomials

The residual ideal

The kernel of the (onto) ring homomorphism

A() — E,
g(x) + 7—)ojL

is (the maximal ideal)

A(p)N

— g(0) + my

Hy(¢) Gr(p)

Canonical embedding

\ j for any augmentation | pu —— i




Inductive valuations in V

Cw) = #a(¢:) > 1i(9)

for all K -
degg;, | — degyg or all g € K[z]\K monic




Inductive valuations in V

@1, V1 b2, V2 Ory Ur

MO /-'Ll ......... —> /J"r
Some attached algebraic data
Gr(po) —> Gr(p) —— -+ — Gr(pr)




Inductive valuations in V

Sharp monotonicity

Let g € K[z] satisfy ‘;Li(g) = uiﬂ(g)‘ for some 0 <i < r. Then,

pi(g) = piga(g) = ~oooeeees = u,(g9)

MacLane chains

Inductive chains in V (as above) satisfying, for 1 <i <,

‘#z‘(@) = fip1(9:)

Optimal MacLane chains
Particular case:  deg¢, < degg, < --vv--- - < deg ¢,




Inductive valuations in V

Uniqueness of optimal MaclLane chains

Every inductive valuation ¢ € V has an optimal Maclane chain

o1, 11 2, V2 r s Ur

,LLO /’Ll ......... —>M’:/’L

Any other optimal MacLane chain

g e K SR
satisfies | p,, = w7 | if and only if
Vv, =V
r=t and deg ¢, = deg & for 1<i<r

pi(9:) = pi(9;)

Moreover, in this case, for 1<:¢<r




Inductive valuations in V

¢1, V1 b2, V2 br, Ur

,U/O ,U1 ......... —> /J"r
Value groups in a MacLane chain
Z =1, Cc I, C ++vvoevvr- c L.
Z Z
I.=T,, +v,Z =10 5 =
- ‘ e(ﬂz‘—1> ' C((/)7)

Some basic integers attached to a MaclLane chain

|Z = e.Z + hZ]

e, =[0I Tyoy] = e hi = e(u:) v

ey =1 ho 1= 15 :=0

’e(o‘l,) = 90"'61171‘ ’f(O,) = for-fia deg i = ei_1 fiideg iy




Residual polynomial operator attached to a MaclLane chain

Ao = Olz]/m[z] =~ Fly]

Hyuy(h) «— h

The special trivial case r =0

Hy,

R, : Kjz] — Oz] ——> A s Fly]
—

x L Yo Yy

0#£g +— g/m* +—  Hylg)/ps «— | g/

a = o(g) Ay = Fly)

H,(9) = p Ro(9)(yo) Gr(po) = Flyo, po, Pyl




Residual polynomial operator attached to a MaclLane chain

b1, 11 ¢2, V2

r s Ur
/’LO ,Uq ......... —>

2

Montes operator for r > 1

R, : K[z] —— F.[y]

Hy, (9) = 79 p@ R.(9)(y.)

p, is a certain key unit in Gr(pu,)

x, is a certain key prime associate to H,, (¢,) in Gr(u,)
Yy = pt

T

A’!' - ]FT [ y?]

Gr(p.) = Fly., p,, 0] [z,]

(y. and p, algebraically independent over F,)



Residual polynomial operator attached to a MaclLane chain

(blvyl b2, V2 r s Ur

/’LO ,U1 ......... _ /’LT

Montes operator for r > 1
R, : K[z] —— F.[y]

HuT(g) = :U:r(ﬂ) ]):7‘({1) Rr(g)(yr)




Residual polynomial operator attached to a MaclLane chain

Some nice desired properties of R, for r > 1

e For g,h € K[x], g,h # 0,

g~u,. h <~ S,,.(9) = Su,.(h) and R.(9) = R-(h)

o For g,h€ K[z], |R.(gh) = R,(g)R.(h))

e For g € K[x]| with deg R, (g) >0,

< s.(9)=0 and R,(g) irreducible in F.[y]

@ The polynomial R, ,(¢,) is irreducible in F._,[y] and
it defines the extension I,/ F, ,




Bonus track...?



Augmentations of a valuation p on K(x)

9g=09 +ao¢+ -+ qe¢' € Kl (degg. < dego, g. #0)

A practical criterion for p/-minimality

g is p-minimal <= degg, =0 and |/ (g9)=p'(9 ¢")

Nu,s(9)

1(g)
Nope —v

0 4

Let g € K[z]\ K be p/-minimal. Then, deg¢ divides degg.
K (9) 1 (9)

Moreover,  C(y) := deg 6 = dog g if g is monic.




