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Formal Groups

R commutative Ring. A (commutative) formal (Lie) group
(law) over R is a power series

F(X,Y) e R[[X, Y]]

such that
» F(X,0)=Xand F(O,Y)=Y
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Formal Groups

R commutative Ring. A (commutative) formal (Lie) group
(law) over R is a power series

F(X,Y) e R[[X, Y]]

such that
» F(X,0)=Xand F(O,Y)=Y
» F(X,F(Y,2))=F(F(X,Y),2)
» F(X,Y)=F(Y,X)
where X = (X1,...,Xy4) and Y = (Y1,..., Yy).
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Formal Groups

R commutative Ring. A (commutative) formal (Lie) group
(law) over R is a power series

F(X,Y) e R[[X, Y]]

such that
» F(X,0)=Xand F(O,Y)=Y
» F(X,F(Y,2))=F(F(X,Y),2)
» F(X,Y)=F(Y,X)
where X = (X1,...,Xy4) and Y = (Y1,..., Yy).

d = the dimension of F.
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» F(X,Y)=X+ Y socalled F =Ga

> FX,Y)=X+Y -XY=1-(1-X)(1-Y)so
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F(X,Y)=X+Y socalled F =Ga
FIX,Y)=X+Y-XY=1-(1-X)(1-Y)so
called F = Gm

F(X,Y)=X+Y + cXY for some c € R.

The formal group associated to an elliptic curve.
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F(X,Y)=X+Y socalled F =Ga
F(X,Y)z)/(i—Y—XY:I—(l—X)(l— Y) so
called F =Gm

F(X,Y)=X+Y + cXY for some c € R.

The formal group associated to an elliptic curve.

The Lubin-Tate formal groups.
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Points

Formal group laws give structure of groups on the nilpotent
elements of any R-algebra S.
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Points

Formal group laws give structure of groups on the nilpotent
elements of any R-algebra S.

Also on the set of elements of the ideal J on a R-algebra S
which is J-complete.

Note that the existence of inverses can be deduced from the
axioms.
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Constructing Formal Groups: Abstract

Let R be a field, or, more generally, a Dedekind Domain.
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Let R be a field, or, more generally, a Dedekind Domain.
Let T be an smooth (commutative) group scheme over
Spec(R) with relative dimension d.
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Constructing Formal Groups: Abstract

Let R be a field, or, more generally, a Dedekind Domain.
Let T be an smooth (commutative) group scheme over
Spec(R) with relative dimension d.

Let e: Spec(R) — T be the zero section (which is a closed
immersion).

Then the completion along the zero section of T is (the
formal spectrum of ) a ring

A R[[Xy, ..., Xd]]-
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Constructing Formal Groups: Abstract

Let R be a field, or, more generally, a Dedekind Domain.
Let T be an smooth (commutative) group scheme over
Spec(R) with relative dimension d.

Let e: Spec(R) — T be the zero section (which is a closed
immersion).

Then the completion along the zero section of T is (the
formal spectrum of ) a ring

A R[[Xy, ..., Xd]]-

The "group operation” on T gives a co-multiplication on A,
which determines a formal group (law) via the isomorphism.
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Let T be an smooth (commutative) group scheme over Xavier Xarles
Spec(R) with relative dimension d.

Let e: Spec(R) — T be the zero section (which is a closed

immersion).

Then the completion along the zero section of T is (the

formal spectrum of ) a ring

A R[[Xy, ..., Xd]]-

The "group operation” on T gives a co-multiplication on 2\
which determines a formal group (law) via the isomorphism.
Note that the isomorphism A R[[Xl, Xl s
determined giving a basis of I// = wr/R, the cotangent
module.
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Constructing Formal Groups: Examples

» Ga is the formal completion of Ga.

» Gm is the formal completion of Gm.
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Constructing Formal Groups: Examples

» Ga is the formal completion of Ga.
» Gm is the formal completion of Gm.

» The formal group associated to an elliptic curve E is
the formal completion of E.
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Constructing Formal Groups: Logarithms

Suppose R is a Q-algebra (i.e. R= Ry := R®7 Q).
Consider f(X) := X 4+ >.72,a,X" € R[X].

Then there exists f~1(X) € R[X] such that f~1(f(X)) = X
and f(F1(X)) = X.
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Constructing Formal Groups: Logarithms

Suppose R is a Q-algebra (i.e. R= Ry := R®7 Q).
Consider f(X) := X 4+ >.72,a,X" € R[X].

Then there exists f~1(X) € R[X] such that f~1(f(X)) = X
and f(F1(X)) = X.

Proposition

The series F(X, Y) := f1(f(X) + f(Y)) is a formal group
law defined over R.
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Constructing Formal Groups: Logarithms

Suppose R is a Q-algebra (i.e. R= Ry := R®7 Q).
Consider f(X) := X 4+ >.72,a,X" € R[X].

Then there exists f~1(X) € R[X] such that f~1(f(X)) = X
and f(f~1(X)) = X.

Proposition

The series F(X, Y) := f1(f(X) + f(Y)) is a formal group
law defined over R.

Theorem
All formal group over R appear in this way.
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Constructing Formal Groups: Logarithms

Suppose R is a Q-algebra (i.e. R= Ry := R®7 Q).
Consider f(X) := X 4+ >.72,a,X" € R[X].

Then there exists f~1(X) € R[X] such that f~1(f(X)) = X
and f(F1(X)) = X.

Proposition
The series F(X, Y) := f1(f(X) + f(Y)) is a formal group
law defined over R.

Theorem
All formal group over R appear in this way.
Hence all formal group over R are (strongly) isomorphic to

o~

Ga.

Una Passejada
Formal
A Formal
Promenade.

To Enric Nart, in
his 60th birthday's

Xavier Xarles



Constructing Formal Groups: Logarithms |l

Suppose R has characteristic 0

Una Passejada
Formal
A Formal
Promenade.

To Enric Nart, in
his 60th birthday's

Xavier Xarles



Una Passejada

Constructing Formal Groups: Logarithms Il EEE
A Formal
Promenade.

To Enric Nart, in
his 60th birthday's

Suppose R has characteristic 0 (i.e. R — Rp = R®z Q).

Xavier Xarles



Constructing Formal Groups: Logarithms |l

Suppose R has characteristic 0 (i.e. R — Rp = R®z Q).

Consider a sequence 1 = aj, a, . ..

ydn, e

eR.
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Constructing Formal Groups: Logarithms |l

Suppose R has characteristic 0 (i.e. R — Rp = R®z Q).

Consider a sequence 1 = aj,ap,...,an, -

Consider f(X) :=>_

o ap n
i=1 nX

S R@[X]

eR.
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Constructing Formal Groups: Logarithms |l

Suppose R has characteristic 0 (i.e. R — Rp = R®z Q).

Consider a sequence 1 = aj, ap,...,an,- - € R.

Consider f(X) =32, 2X" € Ry[X].

i=1 n

Theorem
Suppose that, for any prime number p, f(X) — p~1f(XP)
has coefficients in R ®7, L p)-
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Consider a sequence 1 = aj, ap,...,an,- - € R.

Consider f(X) =32, 2X" € Ry[X].

i=1 n

Theorem
Suppose that, for any prime number p, f(X) — p~1f(XP)
has coefficients in R ®7, L p)-

Then, the series F(X,Y) := fY(f(X) + f(Y)) is a formal
group law defined over R.
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n=1

P prime
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elements ¢y, C2, ..., Cpr € R.
Corollary
Consider the sequence 1 = a1, az,...,ap, -+ € R such that

o0
Z aph °* = H (I4+cop°+ cpzp_25 4+ cprp_’s)_l.
n=1
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Consider f(X) :=> 72, &2X".
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Suppose R has characteristic 0.
Suppose we have r > 1 and, for any prime number p,
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elements ¢y, C2, ..., Cpr € R.
Corollary
Consider the sequence 1 = a1, az,...,ap, -+ € R such that

Z aph °* = H (1+ Cpp_s + szp_25 4t Cprp_rs)_l,
n=1 P prime

Consider f(X) :=> 72, &2X".

Then, the series F(X,Y) := fY(f(X) + f(Y)) is a formal
group law defined over R.
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Take r =1 and ¢, = —1 for all p.
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Example

Take r =1 and ¢, = —1 for all p.

Then -
Z n=s = H (1 o pfs)fl‘
n=1

P prime

And the formal group law we get is Gm over Z
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Example Il

Let R be a local p-adic ring, m an uniformizer, g number
elements of the residue field.
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Example Il

Let R be a local p-adic ring, m an uniformizer, g number
elements of the residue field.
Take c¢g = —p/m for q, ¢, = 0 for £ # q.

Una Passejada
Formal
A Formal
Promenade.

To Enric Nart, in
his 60th birthday's

Xavier Xarles



Example Il

Let R be a local p-adic ring, m an uniformizer, g number
elements of the residue field.
Take c¢g = —p/m for q, ¢, = 0 for £ # q.
Then
FOX) =X+ 771X+ 772XT + ...
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Example Il

Let R be a local p-adic ring, m an uniformizer, g number
elements of the residue field.
Take c¢g = —p/m for q, ¢, = 0 for £ # q.
Then
FOX) =X+ 771X+ 772XT + ...

And the formal group law we get is so called Lubin-Tate.
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Suppose R has characteristic 0.
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Suppose R has characteristic 0.

Suppose we have d > 1, r > 1 and, for any prime number p,
matrices Cp, Cp2, ..., Cpr € My(R) which commute with
each other for all p and /.
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Constructing Formal Groups: Logarithms IV

Suppose R has characteristic 0.

Suppose we have d > 1, r > 1 and, for any prime number p,
matrices Cp, Cp2, ..., Cpr € My(R) which commute with
each other for all p and /.

Theorem (Honda,1970)

Consider the sequence | = A1, Ay, ..., Ap, -+ € Myg(R) such
that

[ee)
> A= [0+ GCp*+ Cp >+ + Crp ™)L
n=1

P prime
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Constructing Formal Groups: Logarithms IV

Suppose R has characteristic 0.

Suppose we have d > 1, r > 1 and, for any prime number p,
matrices Cp, Cp2, ..., Cpr € My(R) which commute with
each other for all p and /.

Theorem (Honda,1970)

Consider the sequence | = A1, Ay, ..., Ap, -+ € Myg(R) such
that

[e.9]
S A= [ @+ Gp =+ Cop 2+ + Crp ™)L,
n=1 P prime

Then, the series F(X,Y) := fY(f(X) + f(Y)) is a formal
group law defined over R of dimension d.
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A result for 1-dimensional Tori by Honda

Theorem (Honda)
Let d > 1 be a square-free integer.
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A result for 1-dimensional Tori by Honda

Theorem (Honda)

Let d > 1 be a square-free integer.
Let

-5 (8)e- ML ()

nZ]_ P prime

be the Dirichlet L-series associated d.

Una Passejada
Formal
A Formal
Promenade.

To Enric Nart, in
his 60th birthday's

Xavier Xarles



A result for 1-dimensional Tori by Honda O romal
A Formal
Promenade.

To Enric Nart, in

his 60th birthday"
Theorem (Honda) is 60th birthday’s

Xavier Xarles

Let d > 1 be a square-free integer.
Let

=5 ()= Lo ()

be the Dirichlet L-series associated d.
Let 7 be the Néron model over Z of the 1-dimensional norm

tori associated to Q(v/d)/Q.
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Let d > 1 be a square-free integer.
Let

L(d,s) = <i> ne= [ - <d> po)L

n>1 P prime p

be the Dirichlet L-series associated d.
Let 7 be the Néron model over Z of the 1-dimensional norm
tori associated to Q(Vd)/Q.

Let 7 the completion of T along the zero section.
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Let d > 1 be a square-free integer.
Let

-5 (8)e- ML ()

n>1 P prime

be the Dirichlet L-series associated d.

Let 7 be the Néron model over Z of the 1-dimensional norm
tori associated to Q(v/d)/Q.

Let 7 the completion of 7 along the zero section.

Then F, and T are (strongly) isomorphic.
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Theorem (Honda)

Let d > 1 be a square-free integer.
Let

Xavier Xarles

-5 (8)e- ML ()

n>1 P prime

be the Dirichlet L-series associated d.

Let 7 be the Néron model over Z of the 1-dimensional norm
tori associated to Q(v/d)/Q.

Let 7 the completion of 7 along the zero section.

Then F, and T are (strongly) isomorphic.

Moreover F| is strongly isomorphic over OQ(\/H) to

X+ Y +V/dXy.



A result for elliptic curves by Honda

Theorem (Honda)
Let E be an elliptic curve over Q.
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A result for elliptic curves by Honda

Theorem (Honda)

Let E be an elliptic curve over Q.
Let £ be its Néron model over Z.

Una Passejada
Formal
A Formal
Promenade.

To Enric Nart, in
his 60th birthday's

Xavier Xarles



A result for elliptic curves by Honda

Theorem (Honda)

Let E be an elliptic curve over Q.
Let £ be its Néron model over Z.
Let £ the completion of E along the zero section.
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A result for elliptic curves by Honda

Theorem (Honda)

Let E be an elliptic curve over Q.

Let £ be its Néron model over Z.

Let £ the completion of E along the zero section.
Let

L(E,s) = Z apn~° = H (1+app° +p'

’721 P prime

be the L-series of E.
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Theorem (Honda)

Let E be an elliptic curve over Q.

Let £ be its Néron model over Z.

Let £ the completion of E along the zero section.
Let

L(Ev S) = Zann_s = H (1 —+ app_s + p1—25)—1
n>1 P prime

be the L-series of E.
Then F; and & are (strongly) isomorphic.



A result for Abelian Tori by Denninger and Nart

Let T be an abelian torus over QQ of dimension d.
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A result for Abelian Tori by Denninger and Nart

Let T be an abelian torus over QQ of dimension d.

By abelian we mean that become split over an abelian
extension K of Q.
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Consider the natural representation given by the characters:

p1 2 Gal(K/Q) — GLy(Z).

For any prime p of good reduction of T, consider the matrix
Ap = p1(0p), where o, is the Frobenius at p, and zero
otherwise.

Define the formal group L to be the one associated to the
Dirichlet matrix series

L(T,s) = ZA,,n*S = H(Id — Ap )L

n>1 P
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Let T be an abelian torus over QQ of dimension d.
Define the formal group L to be the one associated to the
Dirichlet matrix series

L(T,s):=> Amn*:=]](a— Ap~*)".

n>1

Theorem (Deninger,Nart (1990))

Let 7 be the Néron model of T over Z, and 7 its formal
completion.

Then there is an isomorphism between T and L over Zs,
where S is the finite set of primes of bad reduction.

Theorem (Demchenko,Gurevich,Xarles (2010))

If K/Q is tamely ramified, the result is true for S = () (by
using the "natural” A, for the primes of bad reduction).
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There is a real field F of absolute degree d and a
homomorphism sending 1 to id:

6:F— End(A)®Q

Then the local L-factor of A relative to F has the form
Lp(AF,s)=(1—cop° + pcpzp_25)_1
for some ¢, € OF, ¢z =1 or 0.

Consider 04 := #~1(End(A)) and a faithfull representation
R: OA — Md(Z)
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Let A be an abelian variety over Q of dimension d with real
multiplication. 6 : F — End(A) ® Q

Lo(A F,s)=(1—cop°+ pc:pzpfzs)*1

Op := 07Y(End(A)) and R : Op — My(Z).
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Lo(A F,s)=(1—cop°+ pc:pzpfzs)*1

Op := 07Y(End(A)) and R : Op — My(Z).
If Vp ¢, € Oa, we define C, := R(cp) and C2 = R(c2).
Define

(A5) = 3 A= T[0h — oo™ + PG ™)
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Theorem (Denninger,Nart (1990))

Let A be the formal completion along the zero section of the
Neron model of A. Assume that R is the representation
obtained from the cotangent sheaf.
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Op := 07Y(End(A)) and R : Op — My(Z).
If Vp ¢, € Oa, we define C, := R(cp) and C2 = R(c2).
Define

(A5) = 3 A= T[0h — oo™ + PG ™)
n>1 P

Theorem (Denninger,Nart (1990))

Let A be the formal completion along the zero section of the
Neron model of A. Assume that R is the representation
obtained from the cotangent sheaf. Let S be the set of
primes of bad unipotent and not additive reduction.
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Lo(A F,s)=(1—cop°+ pc:pzp*2s)*1
Oa = 071(End(A)) and R : Oa — My(Z).

If Vp ¢, € Oa, we define C, := R(cp) and C2 = R(c2).
Define

(A5) = 3 A= T[0h — oo™ + PG ™)
n>1 P

Theorem (Denninger,Nart (1990))

Let A be the formal completion along the zero section of the
Neron model of A. Assume that R is the representation
obtained from the cotangent sheaf. Let S be the set of
primes of bad unipotent and not additive reduction.

Then there is an isomorphism between A and L over Zs.
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Then A verifies the hypotheses of the Theorem with S = ().
Explicitly: Consider the action of the Hecke algebra T on the
new integral cusps forms Sx(Io(N), Z)"™".
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Let A= Jo(N)"™" be the new part of the modular Jacobian his 60th birthday's

Jo(N), where N is a squarefree integer. Xavier Xarles
Then A verifies the hypotheses of the Theorem with S = ().

Explicitly: Consider the action of the Hecke algebra T on the

new integral cusps forms Sx(Io(N), Z)"™".

The Hecke operators T, for the primes pt N (
primes p | N) determine then matrices in My(Z).
Consider the matrix formal Dirichlet L-series

LA s) =] (la— Top™* + /dpl*%)‘1 IT (- Upp~®)
ptN p|N

, for the

Theorem (Nart(1993)

There is an isomorphism between A and L over Z.
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An application to modularity
Given a modular parametrization
A= JH(N)"® - E

for E an elliptic curve defined over Q with conductor N
squarefree, we have a morphism of formal groups

T A= E
Conversely

Theorem (Nart(1993))

Any homomorphisms of formal group laws 7 : A E
produce a modular parametrization 7 : A — E.
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for E an elliptic curve defined over Q with conductor N
squarefree, we have a morphism of formal groups

T A= E
Conversely

Theorem (Nart(1993))

Any homomorphisms of formal group laws 7 : A E
produce a modular parametrization 7 : A — E.

Theorem (Demchenko, Gurevich, Xarles(2010))

Let T and T’ be tori split under tamely ramified abelian
extension of Q. Then the natural map
T

Hom(T, T') = Hom(T, T7)

is an isomorphism.
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