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Introduction Optimal polynomials MaxMin Example computations

Setting

pK, vq a discrete valued field, O valuation ring, m “ πO maximal
ideal, F0 :“ F “ O{m residue field.

Kv completion of K, Ov valuation ring of Kv.

v : K
˚

v ÝÑ Q.

f P Orxs monic irreducible of degree n, fpθq “ 0.

L “ Kpθq, OL integral closure of O in L.
P set of prime ideals of OL.

Hypothesis

We suppose that OL is finitely generated as an O-module.
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Valuations

For any p P P, consider the valuation

wp : L ÝÑ QY t8u

α ÞÝÑ
vp pαq

epp{mq
,

Take

w pαq :“ min twp pαqupPP , @ α P L,

then α P OL ðñ w pαq ě 0.
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Triangular bases

Definition

A triangular family of elements in OL, are elements

g0pθq

πtν0u
,
g1pθq

πtν1u
, . . . ,

gn´1pθq

πtνn´1u
,

such that gipxq P Orxs monic of degree i and νi “ w pgipθqq.

Theorem

Let g0pθq{π
tν0u, . . . , gn´1pθq{π

tνn´1u be a triangular family of OL. Then,

(1)
 

gipθq{π
tνiu

(

is a v-integral basis ðñ tνiu ě tw pgpθqqu for all
g P Orxs monic of degree i, 0 ď i ă n.

(2)
 

gipθq{π
tνiu

(

is a reduced v-integral basis ðñ νi ě w pgpθqq for all
g P Orxs monic of degree i, 0 ď i ă n.
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Reduced families

Definition

A family α1, . . . , αn P OL is called reduced if for any family
a1, . . . , an P Ov:

w

˜

n
ÿ

i“1

aiαi

¸

“ min tw paiαiq : 1 ď i ď nu .

Reduced bases are useful for some applications in function fields.
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Aim

Aim

Construct a triangular v-integral basis of OL.

f “ Fp1 . . . Fps in Ovrxs ÐÑ tp1, . . . , psu “ P.

p1 tp1

Montes
algorithm

...
...

ps tps

,

/

/

/

/

/

.

/

/

/

/

/

-

“MaxMin”

g0pθq{π
tν0u, . . . , gn´1pθq{π

tνn´1u

It’s also reduced!
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OM representations of prime ideals

An OM representation of the prime ideal p P P:

tp “
`

ψ0,p; pφ1,p, λ1,p, ψ1,pq; . . . ; pφrp,p, λrp,p, ψrp,pq; pφrp`1,p, λrp,p, ψrp,pq
˘

Invariants at each level:
hi,p
ei,p

“ λi,p, fi,p “ degψi,p.

φi,p P Orxs monic of degree mi with wp pφi,ppθqq maximal for monic
degree mi polynomials in Orxs.

gk,p :“ xa0
r
ź

i“1

φaii , 0 ď k ă np,

k “ a0 ` a1m1 ` ¨ ¨ ¨ ` armr, 0 ď ai ă mi`1{mi “ eifi.
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Okutsu p-bases

Taking νk,p “ wp pgk,ppθqq, we have a basis of Op :“ Ovrxs{pFpq,

Bp “

!

g0,ppθq{π
tν0,pu, . . . , gnp´1,ppθq{π

tνnp´1,pu
)

.

We call this an Okutsu p-basis.

We take the numerators of this basis, and extend them by appending φp
a Montes approximation to Fp as a factor of f ,

Np “
 

1 “: g0,p, . . . , gnp´1,p, gnp,p :“ φp
(

.

STNB 2015 Computing triangular bases of integral closures – Hayden D. Stainsby



Introduction Optimal polynomials MaxMin Example computations

Okutsu p-bases

Taking νk,p “ wp pgk,ppθqq, we have a basis of Op :“ Ovrxs{pFpq,

Bp “

!

g0,ppθq{π
tν0,pu, . . . , gnp´1,ppθq{π

tνnp´1,pu
)

.

We call this an Okutsu p-basis.

We take the numerators of this basis, and extend them by appending φp
a Montes approximation to Fp as a factor of f ,

Np “
 

1 “: g0,p, . . . , gnp´1,p, gnp,p :“ φp
(

.

STNB 2015 Computing triangular bases of integral closures – Hayden D. Stainsby



Introduction Optimal polynomials MaxMin Example computations

Optimal polynomials as products of φ-polynomials

Consider the multiplicative semi-group:

ΦpPq :“
A

1, tφi,pupPP ,
ď

pPP
Repptpq

E

Ă Orxs.

where Repptpq “ rFps XOrxs the set of all representatives of tp with
coefficients in O.

Theorem

For any h P Orxs monic of degree 0 ď d ă n, there exists φ P ΦpPq also
of degree d such that,

wp pφpθqq ě wp phpθqq , @ p P P.
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Optimal polynomials as products of numerators
of Okutsu bases

We may now consider the Okutsu set of monic polynomials:

OkpPq :“

#

ź

pPP
gip,p : 0 ď ip ď np

+
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Formal extension of the Okutsu p-bases

Definition

For all p P P,

wp : OkpPq ÝÑ QY t8u

φ ÞÝÑ

#

wp pφpθqq , if φp ffl φ,

8, if φp � φ.

The value wq pφppθqq for each q ‰ p is fixed, and wp pφppθqq can be
made arbitrarily large.

We take φp to be a symbolic polynomial of degree np.
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Maximal multi-indices

We may define a polynomial in OkpPq by a multi-index i “ pipqpPP P N
s,

so that

gi “
ź

pPP
gip,p,

deg i :“
ÿ

pPP
ip “ degpgiq.

uj “ p0, . . . , 1
j-th
, . . . , 0q.

Definition

A multi-index i is maximal if w pgiq ě w pgjq, for all multi-indices j with
deg j “ deg i.
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Aim

Aim

Construct a triangular v-integral basis of OL.

Ó

Aim

The aim of the MaxMin algorithm is to efficiently select maximal
multi-indices of degree 0, 1, . . . , n´ 1.
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The MaxMinrPs algorithm

Input

Numerators tgi,p : 0 ď i ď npu of Okutsu p-bases for each prime ideal
p P P.

Output

A family i0, i1, . . . , in P Ns of maximal multi-indices of degree 0, 1, . . . , n
respectively.

Algorithm

1: i0 Ð p0, . . . , 0q
2: for k “ 0 Ñ n´ 1 do
3: j Ð min t1 ď i ď s : wpi

pgikq “ w pgikqu
4: ik`1 Ð ik ` uj
5: end for
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The MaxMinrPs algorithm

Theorem

All output multi-indices of MaxMinrPs are maximal.

MaxMin finds the maximal value amongst the minima of certain
numerical data, hence the name.

Remarks

Guaranteed termination

Polynomial products are not computed

Initial conditions

Ordering of input prime ideals
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Introduction Optimal polynomials MaxMin Example computations

Explicit formulas for valuations of φ-polynomials

For all prime ideals p P P,

wp pφi,ppθqq “
Vi,p ` λi,p
e1,p ¨ ¨ ¨ ei´1,p

.
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Vi ` λi
e1 ¨ ¨ ¨ ei´1
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e1 ¨ ¨ ¨ e`´1
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(

e1 ¨ ¨ ¨ e`´1
, if i ą ` ą 0.

ipp, qq - index of coincidence

φpp, qq - last shared φ-polynomial

λqp - hidden slope
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MaxMin Example

P “

$

’

&

’

%

p : e1 “ 1, f1 “ 4, h1 “ 6;

q : e1 “ 1, f1 “ 3, h1 “ 3; e2 “ 1, f2 “ 2, h2 “ 6;

l : e1 “ 1, f1 “ 3, h1 “ 3.

ψ0

pφ, 6q

pφ1, 3q

pφ2, 6q

p

q

l

Np : 1, φ1,p, φ
2
1,p, φ

3
1,p, φp;

Nq : 1, φ1,q, φ
2
1,q, φ2,q, φ2,qφ1,q, φ2,qφ

2
1,q, φq;

Nl : 1, φ1,l, φ
2
1,l, φl.
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MaxMin Example

l

q
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1 φ1,l φ21,l φl

1 φ1,q φ21,q φ2,q φ2,qφ1,q φ2,qφ
2
1,q φq

1 φ1,p φ21,p φ31,p φp

~w pφ1,pq “ p6, 2, 2q, ~w pφpq “ p8, 8, 8q,

~w pφ1,qq “ p2, 3, 3q, ~w pφ2,qq “ p6, 15, 14q ~w pφqq “ p12,8, 28q,

~w pφ1,lq “ p2, 3, 3q, ~w pφlq “ p6, 14,8q.
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~w pφ1,qq “ p2, 3, 3q, ~w pφ2,qq “ p6, 15, 14q ~w pφqq “ p12,8, 28q,

~w pφ1,lq “ p2, 3, 3q, ~w pφlq “ p6, 14,8q.

STNB 2015 Computing triangular bases of integral closures – Hayden D. Stainsby



Introduction Optimal polynomials MaxMin Example computations

MaxMin Example

l

q

p

1 φ1,l φ21,l φl

1 φ1,q φ21,q φ2,q φ2,qφ1,q φ2,qφ
2
1,q φq

1 φ1,p φ21,p φ31,p φp

p0, 0, 0q p6, 2, 2q

p8, 5, 5q p10, 8, 8q p12, 17, 16q

p18, 19, 18q p24, 21, 20q

p26, 24, 23q p28, 27, 26q

~w pφ1,pq “ p6, 2, 2q, ~w pφpq “ p8, 8, 8q,

~w pφ1,qq “ p2, 3, 3q, ~w pφ2,qq “ p6, 15, 14q ~w pφqq “ p12,8, 28q,

~w pφ1,lq “ p2, 3, 3q, ~w pφlq “ p6, 14,8q.

STNB 2015 Computing triangular bases of integral closures – Hayden D. Stainsby



Introduction Optimal polynomials MaxMin Example computations

MaxMin Example

l

q

p

1 φ1,l φ21,l φl

1 φ1,q φ21,q φ2,q φ2,qφ1,q φ2,qφ
2
1,q φq

1 φ1,p φ21,p φ31,p φp

p0, 0, 0q p6, 2, 2q

p8, 5, 5q p10, 8, 8q p12, 17, 16q

p18, 19, 18q p24, 21, 20q

p26, 24, 23q p28, 27, 26q p30, 36,8q

~w pφ1,pq “ p6, 2, 2q, ~w pφpq “ p8, 8, 8q,

~w pφ1,qq “ p2, 3, 3q, ~w pφ2,qq “ p6, 15, 14q ~w pφqq “ p12,8, 28q,

~w pφ1,lq “ p2, 3, 3q, ~w pφlq “ p6, 14,8q.

STNB 2015 Computing triangular bases of integral closures – Hayden D. Stainsby



Introduction Optimal polynomials MaxMin Example computations

MaxMin Example

l

q

p

1 φ1,l φ21,l φl

1 φ1,q φ21,q φ2,q φ2,qφ1,q φ2,qφ
2
1,q φq

1 φ1,p φ21,p φ31,p φp

p0, 0, 0q p6, 2, 2q

p8, 5, 5q p10, 8, 8q p12, 17, 16q

p18, 19, 18q p24, 21, 20q

p26, 24, 23q p28, 27, 26q p30, 36,8q

p8, 38,8q

~w pφ1,pq “ p6, 2, 2q, ~w pφpq “ p8, 8, 8q,

~w pφ1,qq “ p2, 3, 3q, ~w pφ2,qq “ p6, 15, 14q ~w pφqq “ p12,8, 28q,

~w pφ1,lq “ p2, 3, 3q, ~w pφlq “ p6, 14,8q.

STNB 2015 Computing triangular bases of integral closures – Hayden D. Stainsby



Introduction Optimal polynomials MaxMin Example computations

MaxMin Example

l

q

p

1 φ1,l φ21,l φl

1 φ1,q φ21,q φ2,q φ2,qφ1,q φ2,qφ
2
1,q φq

1 φ1,p φ21,p φ31,p φp

p0, 0, 0q p6, 2, 2q

p8, 5, 5q p10, 8, 8q p12, 17, 16q

p18, 19, 18q p24, 21, 20q

p26, 24, 23q p28, 27, 26q p30, 36,8q

p8, 38,8q

p8, 41,8q

~w pφ1,pq “ p6, 2, 2q, ~w pφpq “ p8, 8, 8q,

~w pφ1,qq “ p2, 3, 3q, ~w pφ2,qq “ p6, 15, 14q ~w pφqq “ p12,8, 28q,

~w pφ1,lq “ p2, 3, 3q, ~w pφlq “ p6, 14,8q.

STNB 2015 Computing triangular bases of integral closures – Hayden D. Stainsby



Introduction Optimal polynomials MaxMin Example computations

MaxMin Example

l

q

p

1 φ1,l φ21,l φl

1 φ1,q φ21,q φ2,q φ2,qφ1,q φ2,qφ
2
1,q φq

1 φ1,p φ21,p φ31,p φp

p0, 0, 0q p6, 2, 2q

p8, 5, 5q p10, 8, 8q p12, 17, 16q

p18, 19, 18q p24, 21, 20q

p26, 24, 23q p28, 27, 26q p30, 36,8q

p8, 38,8q

p8, 41,8q p8, 44,8q

~w pφ1,pq “ p6, 2, 2q, ~w pφpq “ p8, 8, 8q,

~w pφ1,qq “ p2, 3, 3q, ~w pφ2,qq “ p6, 15, 14q ~w pφqq “ p12,8, 28q,

~w pφ1,lq “ p2, 3, 3q, ~w pφlq “ p6, 14,8q.

STNB 2015 Computing triangular bases of integral closures – Hayden D. Stainsby



Introduction Optimal polynomials MaxMin Example computations

MaxMin Example

l

q

p

1 φ1,l φ21,l φl

1 φ1,q φ21,q φ2,q φ2,qφ1,q φ2,qφ
2
1,q φq

1 φ1,p φ21,p φ31,p φp

p0, 0, 0q p6, 2, 2q

p8, 5, 5q p10, 8, 8q p12, 17, 16q

p18, 19, 18q p24, 21, 20q

p26, 24, 23q p28, 27, 26q p30, 36,8q

p8, 38,8q

p8, 41,8q p8, 44,8q

~w pφ1,pq “ p6, 2, 2q, ~w pφpq “ p8, 8, 8q,

~w pφ1,qq “ p2, 3, 3q, ~w pφ2,qq “ p6, 15, 14q ~w pφqq “ p12,8, 28q,

~w pφ1,lq “ p2, 3, 3q, ~w pφlq “ p6, 14,8q.

STNB 2015 Computing triangular bases of integral closures – Hayden D. Stainsby



Introduction Optimal polynomials MaxMin Example computations

Outline

1 Introduction

2 Optimal polynomials

3 MaxMin

4 Example computations

STNB 2015 Computing triangular bases of integral closures – Hayden D. Stainsby



Introduction Optimal polynomials MaxMin Example computations

Example computations

Number fields:

f P Zrxs, L “ Qrxs{pfq

Function fields:

f P Fqrtsrxs, L “ Fqptqrxs{pfq
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A small example (number fields)

Bp,kpxq “ px
2 ´ 2x` 4q3 ` pk, #P “ 6.

fpxq “ B13,k P Zrxs with deg f “ 6, L “ Qrxs{pfq.

Times to compute Hermitian p-integral basis of OL:
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Times to compute Hermitian p-integral basis of OL:
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Introduction Optimal polynomials MaxMin Example computations

A small example (function fields)

Bp,kpxq “ px
2 ´ 2x` 4q3 ` pk, #P “ 6.

fpxq “ Bt3`2,k P F7rt, xs with deg f “ 6, L “ F7ptqrxs{pfq.

Times to compute Hermitian pptq-integral basis of OL:
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Introduction Optimal polynomials MaxMin Example computations

A bigger example (number fields)

Amp,n,kpxq “ px
n`2pkqppx`2qn`2pkq ¨ ¨ ¨ ppx`2m´2qn`2pkq`2pmnk

fpxq “ A4
101,n,29 P Zrxs with deg f “ 4 ¨ n, L “ Qrxs{pfq.
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Without HNF With HNF

Magma takes 257s to complete deg f “ 40, and cannot compute
deg f “ 80 in 3 hours.
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Introduction Optimal polynomials MaxMin Example computations

A bigger example (function fields)

Amp,n,kpxq “ px
n`2pkqppx`2qn`2pkq ¨ ¨ ¨ ppx`2m´2qn`2pkq`2pmnk

fpxq “ A3
t2`2,n,6 P F7rt, xs with deg f “ 3 ¨ n, L “ F37ptqrxs{pfq.
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Without HNF With HNF

Magma takes 3304s to complete deg f “ 60, and computes deg f “ 90
in over 6 hours.
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Introduction Optimal polynomials MaxMin Example computations

A big example

Ep,1pxq “ x2 ` p,

Ep,2pxq “ Ep,1pxq
2 ` pp´ 1qp3x,

Ep,3pxq “ Ep,2pxq
3 ` p11,

Ep,4pxq “ Ep,3pxq
3 ` p29xEp,2pxq,

Ep,5pxq “ Ep,4pxq
2 ` pp´ 1qp42xEp,1pxqEp,3pxq

2,

Ep,6pxq “ Ep,5pxq
2 ` p88xEp,3pxqEp,4pxq,

Ep,7pxq “ Ep,6pxq
3 ` p295Ep,2pxqEp,4pxqEp,5pxq,

Ep,8pxq “ Ep,7pxq
2 ` pp´ 1qp632xEp,1pxqEp,2pxq

2Ep,3pxq
2Ep,6pxq.

Cp,kpxq “ ppx
6 ` 4px3 ` 3p2x2 ` 4p2q2 ` p6q3 ` pk,

ECp,jpxq “ Ep,jpxq ¨ Cp,28 ` p
900.
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Introduction Optimal polynomials MaxMin Example computations

A big example (number fields)

fpxq “ EC101,8pxq P Zrxs with deg f “ 900, L “ Qrxs{pfq.

Time to compute a p-integral basis of OL:

Algorithm Basis (s) HNF basis (s)

MaxMin 9.9

112.6

Quotients 21.1

429.3

This is with a “fast” HNF routine!
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Introduction Optimal polynomials MaxMin Example computations

A big example (function fields)

fpxq “ ECt2`4,4pxq P F7rt, xs with deg f “ 72, L “ F7ptqrxs{pfq.

Time to compute a pptq-integral basis of OL:

Algorithm Basis (s) HNF basis (s)

MaxMin 13.3

21.5

Quotients 89.5

8353.8
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Introduction Optimal polynomials MaxMin Example computations

A big example (function fields)

fpxq “ ECt2`4,4pxq P F7rt, xs with deg f “ 72, L “ F7ptqrxs{pfq.

Time to compute a pptq-integral basis of OL:

Algorithm Basis (s) HNF basis (s)

MaxMin 13.3 21.5

Quotients 89.5 8353.8
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Thank-you for your attention.
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