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Introduction

@0000

Setting

(K,v) a discrete valued field, O valuation ring, m = 7O maximal
ideal, Fy :=F = O/m residue field.

K, completion of K, O, valuation ring of K,,.
5%
v: K, — Q.
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(K,v) a discrete valued field, O valuation ring, m = 7O maximal
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f € O[x] monic irreducible of degree n, f(0) = 0.
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Setting

(K,v) a discrete valued field, O valuation ring, m = 7O maximal
ideal, Fy :=F = O/m residue field.

K, completion of K, O, valuation ring of K,,.
5%
v: K, — Q.

f € O[x] monic irreducible of degree n, f(0) = 0.

L = K(0), Oy, integral closure of O in L.
P set of prime ideals of Op.
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Introduction
@0000

Setting

(K,v) a discrete valued field, O valuation ring, m = 7O maximal
ideal, Fg := F = O/m residue field.

K, completion of K, O, valuation ring of K,,.
v F: — Q.

f € O[x] monic irreducible of degree n, f(0) = 0.

L = K(0), Oy, integral closure of O in L.
P set of prime ideals of Op.

We suppose that Oy, is finitely generated as an O-module.
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Introduction

[e] le]e]e}

Valuations

For any p € P, consider the valuation

wp: L—Qu {0}

vy ()

e(p/m)’
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Introduction

[e] le]e]e}

Valuations

For any p € P, consider the valuation

wp: L—Qu {0}

vy ()

e(p/m)’

Take

w () == min {wy (@)}, cp Yael,
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Introduction

[e] le]e]e}

Valuations

For any p € P, consider the valuation

wp: L—Qu {0}

vy ()

e(p/m)’

Take

w () == min {wy (@)}, cp Yael,

then a € O <= w(a) = 0.
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Introduction
00e00

Triangular bases

A triangular family of elements in Of, are elements

90(0) g1(0) Gn—1(0)

wlvol? glal” 7777 plva—al”’

such that g;(z) € O[z] monic of degree i and v; = w (g;(h)).
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Introduction
00e00

Triangular bases

A triangular family of elements in Of, are elements

9o(0) g1(9) Gn—1(0)

wlvol? glal” 7777 plva—al”’

such that g;(z) € O[z] monic of degree i and v; = w (g;(h)).

Let go(0)/m™!, ..., gn_1(8)/ml¥»—1] be a triangular family of Oy. Then,
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Introduction
00e00

Triangular bases

A triangular family of elements in Of, are elements

90(0) g1(0) Gn—1(0)

mwlvol? gleal? 77 glvmal”’

such that g;(z) € O[z] monic of degree i and v; = w (g;(h)).

Let go(0)/ml0l, ... gn_1(8)/ml¥»—1] be a triangular family of Or. Then,
(1) {g:(0)/mlv} is a v-integral basis <= |v;] = |w (g(6))] for all
g € O[x] monic of degree 7, 0 < i < n.
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Introduction
00e00

Triangular bases

A triangular family of elements in Of, are elements

90(0) g1(0) Gn—1(0)

mwlvol? gleal? 77 glvmal”’

such that g;(z) € O[z] monic of degree i and v; = w (g;(h)).

Let go(0)/m™!, ..., gn_1(8)/ml¥»—1] be a triangular family of Oy. Then,

(1) {g:(0)/mlv} is a v-integral basis <= |v;] = |w (g(6))] for all
g € O[x] monic of degree 7, 0 < i < n.

(2) {gi(0)/m!*1} is a reduced v-integral basis <= v; > w (g(f)) for all
g € O[] monic of degree i, 0 < i < n.
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Introduction
[e]e]e] lo}

Reduced families

A family a1, ..., o, € Op is called reduced if for any family
a1y ..., ap € Oy

n
w Zaiai =min{w (a;0;) : 1 <i < n}.

1=1
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Introduction
[e]e]e] lo}

Reduced families

A family a1, ..., o, € Op is called reduced if for any family
a1y ..., ap € Oy

n
w Zaiai =min{w (a;0;) : 1 <i < n}.

1=1

Reduced bases are useful for some applications in function fields.
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[e]e]e]e] ]

Aim

Construct a triangular v-integral basis of Or..
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Introduction
[e]e]e]e] ]

Aim

Construct a triangular v-integral basis of Or..

sz)n'-'Fps in Ov[x] <« {plj,_'7ps}=’P.
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Introduction
[e]e]e]e] ]

Aim

Construct a triangular v-integral basis of Op.

fF=F, ...

p]_ ANNANA tpl

ps e Yavaved tps

STNB 2015

F,, in O,z]

— {pla"'7p8}:P'
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Introduction
[e]e]e]e] ]

Aim

Construct a triangular v-integral basis of Op.

f=Fp ... Fp, inOyfz] «— {p1,....ps}="P.

p]_ ANNANA tpl

Montes
algorithm

ps e e ava ed tps
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Introduction
[e]e]e]e] ]

Aim

Construct a triangular v-integral basis of Op.

f=Fp ... Fp, inOyfz] «— {p1,....ps}="P.

p1 ~ms tpl
“MaxMin"
[N 90(9)/71-@0]’ o gn_1(0)/7r[”"—11

Montes
algorithm

ps e Yavaved tps
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Introduction
[e]e]e]e] ]

Aim

Construct a triangular v-integral basis of Op.

f=Fp ... Fp, inOyfz] «— {p1,....ps}="P.

p1 ~ms ﬂ:pl
“MaxMin"
[N 90(9)/71-@0]’ o gn—1(0)/7r[”"—11

Montes
algorithm

ps e Yavaved tps

It's also reduced!
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Optimal polynomials

Outline

2| Optimal polynomials
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Optimal polynomials
[ 1]

OM representations of prime ideals

An OM representation of the prime ideal p € P:

tp = (¢0,p§ (¢1,pa )\l,p, wl,p)§ Sl ((brp,m /\rp,;u wv-p,p)§ (¢7-p+1,pa )\rp,pa wrp,p))
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Optimal polynomials

[ Je]

OM representations of prime ideals

An OM representation of the prime ideal p € P:

tp = (¢0,p§ (¢1,pa )\l,p, wl,p)§ Sl ((brp,p, /\rp,;u wv-p,p)§ (¢rp+1,pa )\rp,pa ¢rp,p))

. h; .
Invariants at each level: —= =X\, ,,, /i, = deg; p.
€i,p
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Optimal polynomials
[ 1]

OM representations of prime ideals

An OM representation of the prime ideal p € P:

tp = (¢0,p§ (¢1,pa )\l,p, wl,p)§ Sl ((brp,m /\rp,;u wv-p,p)§ (¢7-p+1,pa )\rp,pa wrp,p))

. h; .
Invariants at each level: —= =X\, ,,, /i, = deg; p.
€i,p

®i.p € O[x] monic of degree m; with wy, (¢;,,(0)) maximal for monic
degree m; polynomials in O[z].
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Optimal polynomials

[ Je]

OM representations of prime ideals

An OM representation of the prime ideal p € P:

tp = (¢0,p§ (¢1,pa )\l,p, wl,p)§ Sl ((brp,p, /\rp,;u wv-p,p)§ (¢7‘p+1,pa )\rp,pa ¢Tp7p))

. h; .
Invariants at each level: —= =X\, ,,, /i, = deg; p.
€i,p

®i.p € O[x] monic of degree m; with wy, (¢;,,(0)) maximal for monic
degree m; polynomials in O[z].

ks
e aa a;
gk,p.—xollgbil, 0<k<mny,
i=1

k=ag+ami+ -+ aymy, 0<a; <miy1/m; = e;fi.
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Optimal poly
oe

Okutsu p-bases

Taking vj,p = wy (gr,p(0)), we have a basis of O, := O,[z]/(F}),

B, = {gom(e)/ﬁluo’pj7 s gnrl,p(e)/ﬂlunpfwj}'

We call this an Okutsu p-basis.
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Optimal polynomials
oe

Okutsu p-bases

Taking vj,p = wy (gr,p(0)), we have a basis of O, := O,[z]/(F}),
By = {gom(e)/ﬂluo’”7 e gnrl,p(e)/ﬂlunpfwj}'
We call this an Okutsu p-basis.

We take the numerators of this basis, and extend them by appending ¢,
a Montes approximation to F}, as a factor of f,

Np = {]_ =190,p5 -+ g”p*LP? gnp,p = (ZSP} .
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Optimal polynomials
°

Optimal polynomials as products of ¢-polynomials

Consider the multiplicative semi-group:

<1 {Gip}tpep - U Rep(t > c Olz

peP

where Rep(t,) = [F,] n O[z] the set of all representatives of t, with
coefficients in O.

STNB 2015 Computing triangular bases of integral closures — Hayden



Optimal polynomials
L]

Optimal polynomials as products of ¢-polynomials

Consider the multiplicative semi-group:

o(P) i= (1, {0ip}yep - | Rep(t) ) < O[],

peP

where Rep(t,) = [F,] n O[z] the set of all representatives of t, with
coefficients in O.

For any h € O[x] monic of degree 0 < d < n, there exists ¢ € ®(P) also
of degree d such that,

wy (¢(0)) = wp (h(F)), VpeP.
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Optimal polynomials
°

Optimal polynomials as products of numerators
of Okutsu bases

We may now consider the Okutsu set of monic polynomials:

Ok(P) := {H Gigp 0 < iy < np} < o(P).

peP
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Optimal polynomials
L]

Optimal polynomials as products of numerators
of Okutsu bases

We may now consider the Okutsu set of monic polynomials:

Ok(P) := {H Gipp s 0< iy < np} c O(P).

peP

For any ¢ € ®(P) monic of degree 0 < d < n, there exists g € Ok(P)
also monic and of degree d such that,

wy (9(0)) = wy (¢(0)),  VpeP.
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MaxMin

Outline

3 MaxMin
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MaxMin
@00

Formal extension of the Okutsu p-bases

For all p € P,
wp : Ok(P) — Qu {0}

6 |0 (@0), 0y 1,
0, if oy | 6.
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MaxMin
@00

Formal extension of the Okutsu p-bases

For all p € P,
wp : Ok(P) — Qu {0}

o [ @), oy 10,
0, it ¢p | ¢.

The value wq (¢ (0)) for each q # p is fixed, and wy (¢, (#)) can be
made arbitrarily large.
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MaxMin
@00

Formal extension of the Okutsu p-bases

For all p e P,
wy : Ok(P) — Q u {0}

o [ @), oy 10,
0, it ¢p | ¢.

The value wq (¢ (0)) for each q # p is fixed, and wy (¢, (#)) can be
made arbitrarily large.

We take ¢, to be a symbolic polynomial of degree n,,.

STNB 2015 Computing triangular bases of integral closures — Hayden D. Stainsby



Maximal multi-indices

We may define a polynomial in Ok(P) by a multi-index 1 = (i), € N°,

so that

peP

9i = H Gip,po

peP
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Maximal multi-indices

We may define a polynomial in Ok(P) by a multi-index 1 = (i), € N°,

so that

peP

9i = H Gip,po

peP

degi := Z iy = deg(gs).
peP
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MaxMin
oeo

Maximal multi-indices

We may define a polynomial in Ok(P) by a multi-index 1 = (i), € N°,

so that

peP

9 = H Gip,po

peP

degi := Z iy = deg(gs)-
peP

A multi-index 1 is maximal if w (g;) = w (gj), for all multi-indices j with
deg ] = degi.
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MaxMin
ooe

Construct a triangular v-integral basis of Oy,.
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MaxMin
ooe

Aim

Construct a triangular v-integral basis of Of,.

The aim of the MaxMin algorithm is to efficiently select maximal
multi-indices of degree 0, 1, ..., n — 1.
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MaxMin
@000

The MaxMin[P] algorithm

Numerators {g; , : 0 < i < ny} of Okutsu p-bases for each prime ideal
peP.
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MaxMin
@000

The MaxMin[P] algorithm

Numerators {g; , : 0 < i < ny} of Okutsu p-bases for each prime ideal
peP.

A family 19,11, ...,1, € N° of maximal multi-indices of degree 0,1,...,n
respectively.
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MaxMin
@000

The MaxMin[P] algorithm

Numerators {g; , : 0 < i < ny} of Okutsu p-bases for each prime ideal
peP.

A family 19,11, ...,1, € N° of maximal multi-indices of degree 0,1,...,n
respectively.

ﬁ0<—(0,...,0)

:fork=0—->n—1do
jhmin{l SUS S wy, (gik) zw(gik)}
g1 < I + 1y

end for

g kb
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MaxMin
0@00

The MaxMin[P] algorithm

All output multi-indices of MaxMin[P] are maximal.
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MaxMin
0@00

The MaxMin[P] algorithm

All output multi-indices of MaxMin[P] are maximal.

MaxMin finds the maximal value amongst the minima of certain
numerical data, hence the name.
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MaxMin
0@00

The MaxMin[P] algorithm

All output multi-indices of MaxMin[P] are maximal.

MaxMin finds the maximal value amongst the minima of certain
numerical data, hence the name.

Guaranteed termination
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MaxMin
0@00

The MaxMin[P] algorithm

All output multi-indices of MaxMin[P] are maximal.

MaxMin finds the maximal value amongst the minima of certain
numerical data, hence the name.

Guaranteed termination

Polynomial products are not computed
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MaxMin
0@00

The MaxMin[P] algorithm

All output multi-indices of MaxMin[P] are maximal.

MaxMin finds the maximal value amongst the minima of certain
numerical data, hence the name.

Guaranteed termination
Polynomial products are not computed

Initial conditions
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MaxMin
0@00

The MaxMin[P] algorithm

All output multi-indices of MaxMin[P] are maximal.

MaxMin finds the maximal value amongst the minima of certain
numerical data, hence the name.

Guaranteed termination
Polynomial products are not computed
Initial conditions

Ordering of input prime ideals
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MaxMin
[e]e] o)

Explicit formulas for valuations of ¢-polynomials

For all prime ideals p € P,

Vip + Xip

€lp - Ci-lp

wy (9i,p(0)) =
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MaxMin
oooe

Explicit formulas for valuations of ¢-polynomials

For all prime ideals p,q € P with q # p and £ = i(p,q),

0, if { =0,
Vit A ifi
L7 if i </,
€1 €i—1
Vo + ¢ .
— ifi=0>0and ¢y, = »4)
wy (¢iq(0)) =4 €1+ er1 Yoo
Ve + min {\], \§
¢+ min {] q}, if i =¢>0and ¢¢q # ¢(p,q),
e1---ep_q
v in {\I AP
miq Vet min Ay, q}, if i >¢>0.
my €1 €1
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VlaxMin

oooe

Explicit formulas for valuations of ¢-polynomials

For all prime ideals p,q € P with q # p and £ = i(p,q),

0,
Vit A

[

b)
€i—1

Vo + ¢
wy (Giq(0) =4 e1---er—1’
V; + min {)\g, )\E}

el PR e/eil
miq Ve +min{)\q,/\g}
My €1 €1

i(p,q) - index of coincidence
o(p, q) - last shared ¢-polynomial
Ap - hidden slope

STNB 2015 Comp

Y

uting triangular bases of integral closures — Hayde

if £ =0,
if i </,
ifi=¢>0and ¢rq = ¢(p,q),
if i =¢>0and ¢gq # &(p,q),

ifi>4¢0>0.

1 D. Stainsby



MaxMin
oooe

Explicit formulas for valuations of ¢-polynomials

For all prime ideals p,q € P with q # p and 7 = i(p,q),

0, if £ =0,
Vit if i < ¢,
€1 €1
Vo + ¢ .
T ifi=¢>0 and = ,q),
wy (¢i,q(0)) = { er---epy oo
Ve + min {\], A
¢+ min {A), A3} if i = 0> 0and ¢rq £ o(p. ),
e1---€p_1
v in {\I AP
miq Vet min Ay, q}, if i >¢>0.

me e er_1
i(p, q) - index of coincidence
o(p, q) - last shared ¢-polynomial
Ap - hidden slope
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MaxMin
oooe

Explicit formulas for valuations of ¢-polynomials

For all prime ideals p,q € P with q # p and £ = i(p,q),

0, if £ =0,

Vi+ N\ .

L, if i </,

€1 €i—1

Vi + A\p .

LT % ifi=¢>0and ¢pq=0(p.q),
wy (G0a(0)) = 3 &1 er s Pra =0l

Ve + min {\], A} ‘

4 mln{ b q}’ if i=/¢>0and ¢£,q7é()(p~q,)7
€1 - ep_1

Mig Vi + min {A5, AG}

my e1--erq

, ifi>£€>0.

i(p,q) - index of coincidence
o(p,q) - last shared ¢-polynomial
Ap - hidden slope
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MaxMin
oooe

Explicit formulas for valuations of ¢-polynomials

For all prime ideals p,q € P with q # p and £ = i(p,q),

0, if £ =0,
Vit A ifi
L7 if i </,
€1 €i—1
Vi+ A\p e
T ifi=¢>0 and = ,q),
wy (¢i,q(0)) = { er---epy oo
Ve + mi ’\L17/\13
o +min {\j, ] ’ if i = 0> 0 and ¢r.q # (P, 1),
e1---ep_q
o Vo+min{)\], )\
miq Vet min{); ]}, if i >¢>0.
my €1 €r—1

i(p,q) - index of coincidence
o(p, q) - last shared ¢-polynomial
Ap - hidden slope
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MaxMin
e0

MaxMin Example

p: er=1,f1=4h =6
P=<q: es=1,fi=3h1=3; ea=1,f2=2,hy =6
[: 61=1,f1=3,h1=3.
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MaxMin Example

p: er=1,f1=4h =6
P=<q: es=1,fi=3h1=3; ea=1,f2=2,hy =6
[: 61:1,f1=3,h1=3.
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e0

MaxMin Example

p: er=1,f1=4h =6
P=<q: es=1,fi=3h1=3; ea=1,f2=2,hy =6
[: 61:1,f1=3,h1=3.

Np : ]-7 ¢1,p7 d)%,pv d)zf,pv ¢p;
Nq5 1a ¢1,q7 Qsiqa ¢2,q7 ¢2,q¢1,q7 ¢2,q¢iq7 d)qa
M . 17 ¢1,[7 (bih (b[-
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MaxMin Example

1 1,
p ° . P

1 b1,
q . °

1 P11
[ o )

STNB 2015

MaxMin

2 3

1p D
[ ] [ ]

2

1,q $2,q
[ ] [ ]

2

1, ol
[ ] [ ]

117(‘7510) = (007878)7
W (p2,q) = (6,15,14)
@ (¢1) = (6,14, 0).

Computing triar

oe

P

2
$2,q01,9 ¢27q¢1,q
[ ] [ ]

W (¢q) = (12,0,28),

?q
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MaxMin Example

1 ¢,

P ® o 7
1(0,0,0)
3 o1,

) o«
1 P10

[ ® .
U_j((bl,p) = (6’ 27 2)7
W(h1,4) = (2,3,3),
15(@517[) = (2ﬂ373)7

STNB 2015

2
Lp

2
L,q

2
1,1

MaxMin

oe

7 p

¢2,q ¢2,q¢1,q ¢27q¢%,q ¢q

ol

U_j((bp) = <007878)7
u_j(d)Q,q) = (67 157 14) w(¢q) = (127 0, 28)7
@ (¢1) = (6,14, 0).
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MaxMin Example

¢1,p
P .
: (0,0,0) (6,2,2)
R 1,
7@ .
1 b1
[ ® J
U_j((bl,p) = (6a272)a

g

(¢1.4) = (2,3,3),
(¢1,[) = (2ﬂ373)7

g1

STNB 2015

MaxMin

2 3

1p D
[ ] [ ]

2

1,q $2,q
[ ] [ ]

2

LI ol
[ ] [ ]

U_j((bp) = (OO,8,8)7
w(d’lq) = (67 15, 14)
W (¢r) = (6,14, 00).

oe

P

2
$2,q01,9 ¢27q¢17q
[ ] [ ]

u_j (¢CI) = (127 OO, 28)7

?q
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MaxMin Example

MaxMin
oe

7 p

¢2,q ¢2,q¢1,q ¢27Q¢%,q ¢q

ol

(¢P) = <007878)7
((bl,q) = (27 3, 3)7 u_j(d)Q,q) = (67 15, 14) w(¢q) = (127 0, 28)7

P 1 b1p ip
' (0,0,0) (6,2,2)
q 1 $1,q iq
T (8,5,5)
1 P10 i
[ @ . °
u_j((bl,}?) = (6’ 27 2)3 117
w
15(@2317[) = (2ﬂ373)7 15((15[) = (67 14700)'
STNB 2015
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MaxMin Example

1 P1,p

P ' (C (6,2,2)

q E ¢1,q
T (8,5,5)
1 11

[ ® .
u_j((bl,}?) = (6’ 27 2)3
W (¢1,q) = (2,3,3),
15(@2517[) = (23373)7

STNB 2015

MaxMin

2 3

1p D
[ ] [ ]

2

1,q $2,q

[ ]
(10,8, 8)

2

LI ol
[ ] [ ]

g

(¢P) = <007878)7
W (¢2,) = (6,15,14)
W (¢r) = (6,14, 00).

oe

P

2
$2,q01,9 ¢27q¢17q
[ ] [ ]

w (¢CI) = (127 0, 28)7

q
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MaxMin

MaxMin Example
P 1 b1p ip ‘bip Pp
(0,0,0) (6,2,2)
E 1 ¢1,q %,q ¢2,q ¢2,q¢1,q ¢27q¢%,q ¢q
q ] — — E) . . °
. (8,5,5) (10,8, 8) (12,17,16)
| 1,0 %,[
[ .1 . . .f/>t
U_j((bl,p) = (6a2a2)a U_j((bp) = <007878)7
w(d’Lq) = (27 3, 3)» U_;(d)?,q) = (67 15, 14) 13(‘%) = (127 @, 28)7
15(@2517[) = (27373)7 w(¢[) = (67 14700)'
STNB 2015
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MaxMin

MaxMin Example
1 b1p %m ip Pp

P e—n . .
(0,0,0) (6,2,2)

q E 1 ¢1,q %,q ¢2,q ¢2,q¢1,q ¢27q¢%,q
' (8,5,5) (10,8, 8) (12,17,16)
| 1,0 %,[

[ .1 . . .</>t
w((bl,P) = (6a272)a U_j((bp) = <007878)7
u_j((bl,q) = (27 3, 3)» U_;((b?,q) = (67 15, 14) w(¢q) = (127 @, 28)7
w((bl,[) = (27373)7 ’Lﬁ(gb[) = (67 14700)'

STNB 2015
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MaxMin

MaxMin Example
1 b1p %m ip Pp

p e————» .
(0,0,0) (6,2,2) (24,21, 20)
E 1 ¢1,q %,q ¢2,q ¢2,q¢1,q ¢27q¢%,q ¢q

1 ' (8,5,5) (10,8,8) (12,17, 16)
| 1,0 %,[

[ .1 . . .</>t
U_j((bl,p) = (6a272)a QE((bp) = <OO7878)7
U_}((bl,q) = (27 3, 3)» U_;((b?,q) = (67 15, 14) 1‘7(¢q) = (127 @, 28)7
13((;517[) = (2v373)7 ’Lﬁ(gb[) = (67 14700)'
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MaxMin

MaxMin Example
1 P1,p %m %,p Pp
p 66— D [ ]
' (0,0,0) (6,2,2) ' (24,21, 20)
q 1 ¢1,q ¢2,q .¢2,q¢1,q .¢27q¢%,q .¢q
H (8,5,5) (10,8, 8) (12,17,16)
1 i ol
[ o ° )

(26,24,23)

U_j((bl,p) = (6’2)2)’ w((bP) = <007878)7
((bl,q) = (27 3, 3)7 u_j((bQ,q) = (67 15, 14) w(¢q) = (127 0, 28)7
w(¢1,[) = (2v373)7 ’LB((,b[) = (67 14700)'

g
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MaxMin

MaxMin Example
1 P1,p %m i’,p Pp
p e .
1(0,0,0) (6,2,2) 1 (24,21, 20)
q 1 ¢1,q ¢2,q .¢2,q¢1,q .¢27q¢%,q .¢q
T (8,5,5) (10,8, 8) (12,17, 16)
: 1 1 %,[ folt
[ o )

(26,24,23)  (28,27,26)

U_j((bl,)?) = (6’2)2)’ w((bP) = <007878)7
(¢1,q) = (27 3, 3), u_j(¢2,q) = (67 15, 14) w(¢q) = (127 o0, 28)7
w(¢1,[) = (2v373)7 ’LB((,b[) = (67 14700)'

g
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MaxMin

MaxMin Example
1 P1,p %m i’,p Pp
P e—— » .
' (0,0,0) (6,2,2) - (24,21, 20)
q 1 ¢1,q ¢2,q .¢2,q¢1,q .¢27q¢%,q .¢q
H (8,5,5) (10,8, 8) (12,17, 16)
1 i ol
[ o »

(26,24,23)  (28,27,26) (30,36, 00)

U_j((bl,)?) = (6’272)’ w((bP) = <007878)7
(¢1,q) = (27 3, 3), u_j(¢2,q) = (67 15, 14) w(¢q) = (127 o0, 28)7
u_}((bl,[) = (2v373)7 ’LB((,b[) = (67 14700)'

g
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MaxMin Example

MaxMin

oe
2 3
Lp Lp Pp
(00,38, 0)
2
¢2,q¢1,q ¢2,q¢1,q ¢q
[ ] [ ] [ ]

1 P1,p
p e——n
1 (0,0,0) (6,2,2)
51 b1,
1 T (8,5,5)
[ el

2
1,1

(10,8, 8)

(26,24, 23)

W (P1,p) = (6,2,2),
(¢1,4) = (2,3,3),
u_}((rbl,[) = (27373)7

g

STNB 2015

(28,27,26) (30,36, 0)

w(¢P> = <007878)7
U_}’(QSQ’q) = (67 15, 14)
W (¢r) = (6,14, 00).

117 (¢q) = (127 OO, 28)7
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MaxMin
oe

MaxMin Example

1
P ' (0,0,0)
g
q e
[ el

_¢1,P Pp
(6,2,2) (00,38, 00)
¢1,q ¢2,q¢1,q ¢2,q¢iq ¢q

(8,5,5) (10,8,8) (00,41, 0)

2
1,0
(26,24,23) (28,27, 26)

w(¢1,P) = (6’272)7 w(¢P> = (OO,&S),

g

(¢1,q) = (27 3, 3), u_j(¢2,q) = (67 15, 14) w(¢q) = (127 o0, 28)7

u_}((bl,[) = (2v373)7 ’LB((,b[) = (67 14700)'

STNB 2015
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MaxMin

oe

MaxMin Example

_¢1,p by
(6,2,2) (00,38, 00)
¢1,q ¢2,q¢1,q ¢2,q¢iq ¢q
(8.5,5) (10,8, 8) (00, 44, 0)
A %,[

‘e

(26,24,23)  (28,27,26) (30,36, 00)

U_j((bl,)?) = (67272)7 w(¢P> = (OO,&S)’

(¢1,q) = (27 3, 3)’ U_;(¢2,q) = (67 15, 14) w(¢q) = (127 o0, 28)7

u_}((bl,[) = (2v373)7 ’LB((,b[) = (67 14700)'

1

p
T(0.0,0)
g

q e

[ el
@
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MaxMin

oe

MaxMin Example

_¢1,P ¢’p
(6,2,2) (00,38, 00)
¢1,q ¢2,q¢1,q ¢2,q¢iq ¢q
(8.5,5) (10,8, 8) 12 £7,16)  (00,41,00) (00,44, 00)
2
A 1,0

‘e

(26,24,23)  (28,27,26) (30,36, 00)

U_j((bl,)?) = (67272)7 w(¢P> = (OO,&S)’

(¢1,q) = (27 3, 3)’ U_;(¢2,q) = (67 15, 14) w(¢q) = (127 o0, 28)7

u_}((bl,[) = (2v373)7 ’LB((,b[) = (67 14700)'

1

p
T(0.0,0)
g

q e

[ el
@
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Example computations

Outline

4 Example computations
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Example computations

Example computations

Number fields:

feZlz],  L=Qlz]/(f)
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Example computations

Number fields:

fezZz],

Function fields:

[ e Fglt][«],

STNB 2015
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Example computations
00

A small example (number fields)

Bp(z) = (22 — 2z + 4)3 + p*, #P = 6.
f(z) = Bis € Z[z] with deg f =6, L = Q[z]/(f).
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Example computations

[ 1]

A small example (number fields)

Bp(z) = (22 — 2z + 4)3 + p*, #P = 6.
f(z) = Bis € Z[z] with deg f =6, L = Q[z]/(f).

Times to compute Hermitian p-integral basis of Op:

MaxMin - s
10000 Quotients
Magma

1000

execution time (seconds)

0.01

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
k
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Example computations

oce

A small example (function fields)

Bp(z) = (22 — 2z + 4)3 + p*, #P = 6.
f(@) = By g, € Fr[t, a] with deg f = 6, L = F7(t)[]/(f).

Times to compute Hermitian p(t)-integral basis of Op:

MaxMin
10000 Quotients
Magma -«

execution time (seconds)

0.01

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
k
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Example computations

[ 1]

A bigger example (number fields)

A (@) = (2" +2p5) (2 +2)" +2p%) - (2 +2m —2)" + 2p%) + 2p™ 7%
f(z) = A%Ol,n,29 € Z|xz] with deg f =4 -n, L = Q[z]/(f).

4 4

MaxMin MaxMin
Quotients wswue Quotients
35 35 lagma
gz 3 g 3
& &
g 25 g 25
ko) ko)
g 2 g 2
c c
2 15 2 15
5 5
3 3
05 05
0 0
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400
Defining polynomial degree Defining polynomial degree

Without HNF With HNF

Magma takes 257s to complete deg f = 40, and cannot compute
deg f = 80 in 3 hours.
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Example computations

oce

A bigger example (function fields)

A k(@) = (@ +25) (2 +2)" +2p%) - (2 +2m —2)" + 2p*) + 2p™"*
f(z) = A§2+2,n,6 € Fr[t,x] with deg f = 3-n, L = F37(t)[z]/(f).

90 90

MaxMin H MaxMin
a0 Quotients wswue 80 i Quog;:‘tz
_ 70 _ 70
m m
2 K
s 60 g 60
¢ 8
e 50 e 50
£ E
S 40 c 4
S S
3 3 3 30
H H
g g
3 o ® 20
10 10
o o
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Defining polynomial degree Defining polynomial degree

Without HNF With HNF

Magma takes 3304s to complete deg f = 60, and computes deg f = 90
in over 6 hours.
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Example computations
000

A big example

[\~]

E,1(z) = 2* +p,

Epa(x) = Epa(2)® + (p — Dp’a,

Ep3(x) = Epa(x)® +p't,

Epa(x) = Ep3(2)’ + p*aEp s (2),

Ey5(z) = Epa(z)? + (p— ) 22E,1(2)Ey3(z)?,

Epo(x) = Eps(2)” + p*aEp 3(2) Eya(),

Ep () = Epo(2)’ + p* Epo(2) Epa(r) By 5(2),

Eys(r) = Ep,7(x)2 +(p— 1)p632$Ep’1(I>Ep,2($)2Ep73($)2EP’6($>-
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Example computations
000

A big example

[\~]

E,1(z) = 2* +p,

Epa(x) = Epa(2)® + (p — Dp’a,

Ep3(x) = Epa(x)® +p't,

Epa(x) = Ep3(2)’ + p*aEp s (2),

Ey5(z) = Epa(z)? + (p— ) 22E,1(2)Ey3(z)?,

Epo(x) = Eps(2)” + p*aEp 3(2) Eya(),

Ep () = Epo(2)’ + p* Epo(2) Epa(r) By 5(2),

Eys(r) = Ep,7(x)2 +(p— 1)p632$Ep’1(I>Ep,2($)2Ep73($)2EP’6($>-

Cpr(x) = ((x6 + 4pa® + 3p*a® + 4;02)2 +p6)3 + p",
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Example computations
000

A big example

[\~]

E,1(z) = 2* +p,

Epa(z) = Epa(2)® + (p — )p’a,

Eps(x) = Bpa(x)® +p',

Epa(z) = Eps(x)® + pP2Eps(2),

E,5(z) = Epa(z)* + (p — ) P22E, 1 (2)Eps(z)?,

Eyo(x) = Bys(2)” + pPaBys(2) By a(),

Eyr(x) = Eps(x)’ + p*P By a(2) Epa(2) By s(x),

Eps(z) = Ep,7(x)2 + (- 1)p632$Ep’1(I>Ep,2(33)2Ep,3(x)2Ep’6($>-

Cpr(x) = ((x6 + 4pa® + 3p*a® + 4;02)2 +p6)3 + p",

EC, j(z) = Epj(z) - Cpas + pP00
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A big example (number fields)

f(z) = ECh01,8(z) € Z[z] with deg f =900, L = Q[z]/(f).

Time to compute a p-integral basis of Oy:

Algorithm | Basis (s) | HNF basis (s)
MaxMin 9.9
Quotients 21.1
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A big example (number fields)

f(z) = ECh01,8(z) € Z[z] with deg f =900, L = Q[z]/(f).

Time to compute a p-integral basis of Oy:

Algorithm | Basis (s) | HNF basis (s)

MaxMin 9.9 112.6

Quotients 21.1 429.3
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A big example (number fields)

f(z) = ECh01,8(z) € Z[z] with deg f =900, L = Q[z]/(f).

Time to compute a p-integral basis of Oy:

Algorithm | Basis (s) | HNF basis (s)

MaxMin 9.9 112.6

Quotients 21.1 429.3

This is with a “fast” HNF routine!
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A big example (function fields)

f(x) = ECp44(x) € Fr[t, 2] with deg f = 72, L = Fr(t)[z]/(f)-

Time to compute a p(t)-integral basis of O:

Algorithm | Basis (s) | HNF basis (s)

MaxMin 13.3

Quotients 89.5
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A big example (function fields)

f(x) = ECp44(x) € Fr[t, 2] with deg f = 72, L = Fr(t)[z]/(f)-

Time to compute a p(t)-integral basis of O:

Algorithm | Basis (s) | HNF basis (s)
MaxMin 13.3 21.5
Quotients 89.5 8353.8
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Thank-you for your attention.

%/Y/X_ ...... :
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