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Sato—Tate conjecture for elliptic curves

@ E/k elliptic curve, p C Ok a prime of good reduction
v a = [p| +1 = #E(Ok/p)
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Sato—Tate conjecture for elliptic curves

@ E/k elliptic curve, p C Ok a prime of good reduction

~ 8y = [p| +1 = #E(Ok/p)

@ Hasse’s bound: |a,| < 2+/]p| ~ &, = ﬁ belongs to [-2,2] ¢ R

Conjecture (Sato—Tate)

If E is not CM {8, }, is equidistributed in [-2,2] w.r.t u(x) = 1
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@ Equidistributed: V f: [-2,2]—=R

2 f(a
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Sato—Tate conjecture for elliptic curves

@ E/k elliptic curve, p C Ok a prime of good reduction

~ 8y = |pl + 1 — #E(Ok/p)

@ Hasse’s bound: |a,| < 24/|p| ~ @, = ﬁ belongsto [-2,2] C R

Conjecture (Sato—Tate)

If E is not CM {8, }, is equidistributed in [-2,2] w.r.t u(x) = 1

1
T\ 4—x2

@ Equidistributed: V f: [-2,2] >R

2 f(a
/ fdu = lim M_

@ If E has CM one needs to consider other distributions.
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Sato—Tate conjecture for elliptic curves
@ E/k elliptic curve, p C Ok a prime of good reduction

v 8 = [p[ +1 = #E(Ok/p)
@ Hasse’s bound: |a,| < 2./]p| ~ @, = 3=

/‘ | [ ) ]

If E is not CM {8, }, is equidistributed in [-2,2] w.r.t u(x) = 1

Va—x2

1
s

@ Equidistributed: V f: [-2,2] >R
2 f(a
/ fdu = lim M_
-2

N=oo D e !
@ If E has CM one needs to consider other distributions.
Theorem (known cases of Sato—Tate)
If E has CM (Deuring, Hecke)

If k is a totally real field (2009, Barnet-Lamb, Geraghty, Harris, Taylor)
If kK is a CM field (2018, 10 author’s paper)
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Sato—Tate for abelian varieties
@ A/k abelian variety if dimension g > 1.
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Sato—Tate for abelian varieties

@ A/k abelian variety if dimension g > 1.
» Assume Ais “generic” (for g < 3 this means End(Ag) = Z)
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Sato—Tate for abelian varieties

@ A/k abelian variety if dimension g > 1.
» Assume Ais “generic” (for g < 3 this means End(Ag) = Z)

@ pas: Gxk—Aut(Vy(A)) ~ Gng(Qg)
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Sato—Tate for abelian varieties

@ A/k abelian variety if dimension g > 1.
» Assume Ais “generic” (for g < 3 this means End(Ag) = Z)

©® pas: Ge—Aut(Vi(A)) = GLlog(Qr)
> Lo(T) =det(T —Fry), ) and Ly(T)

= Lp(\/ﬁ)
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» Weil: roots of L,(T) conjugate pairs of complex numbers of norm 1

Francesc Fité (MIT), Xevi Guitart (UB) Tate module decomposition and Sato—Tate BCN Jan 2020 6/14



Sato—Tate for abelian varieties

@ A/k abelian variety if dimension g > 1.
» Assume Ais “generic” (for g < 3 this means End(Ag) = Z)

@ par: Gk—Aut(V(A)) ~ GLag(Qy)
_ T _ T
Ly(T) = det(T_— Fry v, a) and Ly(T) = Lp(m)
Weil: roots of L,(T) conjugate pairs of complex numbers of norm 1
L,(T) charpoly of X, € USpyy = {M € Mag(C):M'IM = J, MM* =T}

v

vy
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Sato—Tate for abelian varieties

@ A/k abelian variety if dimension g > 1.
» Assume Ais “generic” (for g < 3 this means End(Ag) = Z)

©® pas: Ge—Aut(Vi(A)) = GLlog(Qr)
» L,(T)=det(T — Frp‘VZ(A)) and L,(T) = Lp(\/ﬁ)
» Weil: roots of L,(T) conjugate pairs of complex numbers of norm 1
» L,(T) charpoly of X, € USpy, = {M € Mag(C):-M'UM = J, MM* =1}
@ {Ly(T)}, C Conj(USpyy)
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Sato—Tate for abelian varieties

@ A/k abelian variety if dimension g > 1.
» Assume Ais “generic” (for g < 3 this means End(Ag) = Z)

@ par: Gk—Aut(V(A)) ~ GLag(Qy)
_ T _ T
> L(T) = det(T__ Fry v, a) and Ly(T) = Lp(m)
» Weil: roots of L,(T) conjugate pairs of complex numbers of norm 1
» L,(T) charpoly of X, € USpy, = {M € Mag(C):-M'UM = J, MM* =1}
® {Ly(T)}p C Conj(USpyg)
> ug push forward of the Haar measure by USp,;—Conj(USp,,)
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Sato—Tate for abelian varieties

@ A/k abelian variety if dimension g > 1.
» Assume Ais “generic” (for g < 3 this means End(Ag) = Z)

@ par: Gk—Aut(V(A)) ~ GLag(Qy)
_ T _ T
> L(T) = det(T__ Fry v, a) and Ly(T) = Lp(m)
» Weil: roots of L,(T) conjugate pairs of complex numbers of norm 1
» L,(T) charpoly of X, € USpy, = {M € Mag(C):-M'UM = J, MM* =1}
® {Ly(T)}p C Conj(USpyg)
> ug push forward of the Haar measure by USp,;—Conj(USp,,)

Sato—Tate conjecture
{L,(T)}, equidistributed in Conj(USpy,) by #g J
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Sato—Tate for abelian varieties

@ A/k abelian variety if dimension g > 1.
» Assume Ais “generic” (for g < 3 this means End(Ag) = Z)

©® pae: Ge—Aut(Vi(A)) = GLog(Qr)
> Lp(T) =det(T —Fry\,,) and Ly(T) = LP(TTITI)
» Weil: roots of L,(T) conjugate pairs of complex numbers of norm 1
» L,(T) charpoly of X, € USpy, = {M € Mag(C):-M'UM = J, MM* =1}

® {Ly(T)}, C Conj(USp,g)
> ug push forward of the Haar measure by USp,;—Conj(USp,,)

Sato—Tate conjecture
{L,(T)}, equidistributed in Conj(USpy,) by #g J

@ g = 1: Conj(USp,) ~ Conj(SU(2)) % [~2,2] and p1 = p
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Sato—Tate for abelian varieties

@ A/k abelian variety if dimension g > 1.
» Assume Ais “generic” (for g < 3 this means End(Ag) = Z)

@ par: Gk—Aut(V(A)) ~ GLag(Qy)
_ T _ T
> L(T) = det(T__ Fry v, a) and Ly(T) = Lp(m)
» Weil: roots of L,(T) conjugate pairs of complex numbers of norm 1
» L,(T) charpoly of X, € USpy, = {M € Mag(C):-M'UM = J, MM* =1}
® {Ly(T)}p C Conj(USpyg)
> ug push forward of the Haar measure by USp,;—Conj(USp,,)

Sato—Tate conjecture
{L,(T)}, equidistributed in Conj(USpy,) by #g J

@ g = 1: Conj(USp,) ~ Conj(SU(2)) % [~2,2] and p1 = p
@ For non-generic A/k Serre defined:
» A~ STs C USp,, compact
> p ~» X, € Conj(ST,) such that charpoly(x,) = L,(T)
» Conjecture: {x,}, C Conj(STa) equidist. w.r.t Haar measure of ST,
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Strategy for proving Sato—Tate
@ {x,}, C Conj(G) and p: G—GL4(C) representation

L(p,s) = [ ] det(1 — p(%)Ip|~%)~" for Re(s) > 1
p
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Strategy for proving Sato—Tate
@ {x,}, C Conj(G) and p: G—GL4(C) representation

L(p,s) = [ ] det(1 — p(%)Ip|~%)~" for Re(s) > 1
p

Theorem (Tate, Serre)

If vV p # 1irred. L(p, s) is invertible (analytic on Re(s) > 1, L(p, 1) # 0)
then Sato-Tate holds

Francesc Fité (MIT), Xevi Guitart (UB) Tate module decomposition and Sato—Tate BCN Jan 2020 8/14



Strategy for proving Sato—Tate
@ {x,}, C Conj(G) and p: G—GL4(C) representation

L(p,s) = [ ] det(1 — p(%)Ip|~%)~" for Re(s) > 1
p

Theorem (Tate, Serre)

If vV p # 1irred. L(p, s) is invertible (analytic on Re(s) > 1, L(p, 1) # 0)
then Sato-Tate holds

@ e.g., for g = 1 SU(2) acts on C? and the irreducible
representations are Sym™(C?), m > 1

> Relevant L-functions: L(s, Sym™ V,(E)) = [T, TI7o(1 — b8y 7 [p|~%)
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Strategy for proving Sato—Tate
@ {x,}, C Conj(G) and p: G—GL4(C) representation

L(p,s) = [ ] det(1 — p(%)Ip|~%)~" for Re(s) > 1
p

Theorem (Tate, Serre)

If vV p # 1irred. L(p, s) is invertible (analytic on Re(s) > 1, L(p, 1) # 0)
then Sato-Tate holds

@ e.g., for g = 1 SU(2) acts on C? and the irreducible
representations are Sym™(C?), m > 1

> Relevant L-functions: L(s, Sym™ V,(E)) = I, [T,(1 — BT p|~5)
@ If one could show that L(s, Sym™V,(E)) = L(s, 7m) for some
automorphic form =, on GL ;1.1 (Ak) this would give Sato—Tate
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Strategy for proving Sato—Tate
@ {x,}, C Conj(G) and p: G—GL4(C) representation

L(p,s) = [ ] det(1 — p(%)Ip|~%)~" for Re(s) > 1
p

Theorem (Tate, Serre)

If vV p # 1irred. L(p, s) is invertible (analytic on Re(s) > 1, L(p, 1) # 0)
then Sato-Tate holds

@ e.g., for g = 1 SU(2) acts on C? and the irreducible
representations are Sym™(C?), m > 1

> Relevant L-functions: L(s, Sym™ V,(E)) = I, [T,(1 — BT p|~5)
@ If one could show that L(s, Sym™V,(E)) = L(s, 7m) for some
automorphic form =, on GL ;1.1 (Ak) this would give Sato—Tate

» This is not how the known cases of Sato—Tate are proved
» Potential modularity results are enough
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Potential modularity and Sato—Tate
Theorem
(Allen-Calegari-Caraiani-Gee-Helm-Le Hung-Newton-Scholze-Taylor-Thorne)

Suppose V is the 2-dimensional /-adic representations associated to
an elliptic curve E/k with k a CM field (or to A/k of GL»-type). There
exists a finite Galois extension L/k such that Sym™ Vg, is automorphic.
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Potential modularity and Sato—Tate
Theorem

(Allen-Calegari-Caraiani-Gee-Helm-Le Hung-Newton-Scholze-Taylor-Thorne)

Suppose V is the 2-dimensional /-adic representations associated to
an elliptic curve E/k with k a CM field (or to A/k of GL»-type). There
exists a finite Galois extension L/k such that Sym™ Vg, is automorphic.

@ This is enough for Sato—Tate for E/k by the Brauer—Taylor trick
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Potential modularity and Sato—Tate
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Suppose V is the 2-dimensional /-adic representations associated to
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Potential modularity and Sato—Tate
Theorem

(Allen-Calegari-Caraiani-Gee-Helm-Le Hung-Newton-Scholze-Taylor-Thorne)

Suppose V is the 2-dimensional /-adic representations associated to
an elliptic curve E/k with k a CM field (or to A/k of GL»-type). There
exists a finite Galois extension L/k such that Sym™ Vg, is automorphic.

@ This is enough for Sato—Tate for E/k by the Brauer—Taylor trick

1= a,-Indg::EZ'L‘i))z/J,- with Gal(L/L;) solvable and 1, characters

L(s,Sym™V) = [ L(s, Sym™ (V) & Ind3at/1) )
i

= H L(s, Vi, @ 1)®
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Potential modularity and Sato—Tate
Theorem

(Allen-Calegari-Caraiani-Gee-Helm-Le Hung-Newton-Scholze-Taylor-Thorne)

Suppose V is the 2-dimensional /-adic representations associated to
an elliptic curve E/k with k a CM field (or to A/k of GL»-type). There
exists a finite Galois extension L/k such that Sym™ Vg, is automorphic.

@ This is enough for Sato—Tate for E/k by the Brauer—Taylor trick

1= a,Indg::EZ'L‘i))w, with Gal(L/L;) solvable and 1, characters

L(s,Sym™V) = [ L(s, Sym™ (V) & Ind3at/1) )
i

= H L(s, Vi, @ 1)®

» L/L; solvable ~ V|, automorphic
» 1); is a Hecke character ~~ automorphic
» Shahidi: L(1, 71 x m2) # 0
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Brauer—Taylor + ¢ (Murty—Murty)

@ They consider G = SU(2) x Gal(F/k) with F/k solvable
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Brauer—Taylor + ¢ (Murty—Murty)

@ They consider G = SU(2) x Gal(F/k) with F/k solvable
@ Shows up in studying equidistribution of (&, Fr)
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Brauer—Taylor + ¢ (Murty—Murty)

@ They consider G = SU(2) x Gal(F/k) with F/k solvable
@ Shows up in studying equidistribution of (&, Fr)
» e.g. k=Q, F=Q(¢) ~ equidistribution of a, s.t. p=a (mod n)
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Brauer—Taylor + ¢ (Murty—Murty)

@ They consider G = SU(2) x Gal(F/k) with F/k solvable
@ Shows up in studying equidistribution of (&, Fr)
» e.g. k=Q, F=Q(¢) ~ equidistribution of a, s.t. p=a (mod n)

Theorem (Murty—Murty)
L(s,Sym™(Vy(E)) & r) is invertible V non-trivial r: Gal(F/k)—GLy4(C). J
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Brauer—Taylor + ¢ (Murty—Murty)

@ They consider G = SU(2) x Gal(F/k) with F/k solvable
@ Shows up in studying equidistribution of (&, Fr)
» e.g. k=Q, F=Q(¢) ~ equidistribution of a, s.t. p=a (mod n)

Theorem (Murty—Murty)
L(s,Sym™(V,y(E)) @ r) is invertible V non-trivial r: Gal(F/k)—GLy4(C).

Idea
If A/k is an abelian variety such that V;(A) ~ V ® W with

@ V a 2-dimensional ¢-adic rep’n of Gk

@ W an Artin representation of Gk that factors through solvable F/k
then Sato—Tate follows for A.
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Brauer—Taylor + ¢ (Murty—Murty)

@ They consider G = SU(2) x Gal(F/k) with F/k solvable
@ Shows up in studying equidistribution of (&, Fr)
» e.g. k=Q, F=Q(¢) ~ equidistribution of a, s.t. p=a (mod n)

Theorem (Murty—Murty)
L(s,Sym™(V,y(E)) @ r) is invertible V non-trivial r: Gal(F/k)—GLy4(C).

Idea
If A/k is an abelian variety such that V;(A) ~ V ® W with

@ V a 2-dimensional ¢-adic rep’n of Gk

@ W an Artin representation of Gk that factors through solvable F/k
then Sato—Tate follows for A.

@ Inspired by work of Noah Taylor who did it in dim A =2
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Isotypic varieties
@ A/k such that Ar ~ E9 with k = TR or CM, F/k solvable
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Isotypic varieties

@ A/k such that Ar ~ E9 with k = TR or CM, F/k solvable
@ Eisak-curve: Vo € Gal(Q/k) 3 py: “E—E
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Isotypic varieties
@ A/k such that Ar ~ E9 with k = TR or CM, F/k solvable
@ Eisak-curve: Vo € Gal(Q/k) 3 py: “E—E
@ Can define a map
Pec: Gk —  Au(Vy(E))
o = P~ us(°P)

Francesc Fité (MIT), Xevi Guitart (UB) Tate module decomposition and Sato—Tate BCN Jan 2020 12/14



Isotypic varieties
@ A/k such that Ar ~ E9 with k = TR or CM, F/k solvable
@ Eisak-curve: Vo € Gal(Q/k) 3 py: “E—E
@ Can define a map
Pec: Gk —  Au(Vy(E))
o = P~ us(°P)

> pee(0)pEe(T) = Ce(0, T)pEL(0T)
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Isotypic varieties
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@ Can define a map
Pec: Gk —  Au(Vy(E))
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Isotypic varieties

@ A/k such that Ar ~ E9 with k = TR or CM, F/k solvable
@ Eisak-curve: Vo € Gal(Q/k) 3 py: “E—E
@ Can define a map

Pec: Gk —  Au(Vy(E))

o P pg(°P)
» pee(0)pEe(T) = Ce(o, T)pE (o) and ce € H?(Gk, Q%)

@ Theorem (Tate): 3 a: Gk—Q " s.t. ¢ce(0,7) = a(o)a(r)a(or)
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Isotypic varieties
@ A/k such that Ar ~ E9 with k = TR or CM, F/k solvable
@ Eisak-curve: Vo € Gal(Q/k) 3 py: “E—E
@ Can define a map
Pec: Gk —  Au(Vy(E))
o = P~ us(°P)
» pee(0)pEe(T) = Ce(o, T)pE (o) and ce € H?(Gk, Q%)

@ Theorem (Tate): 3 a: Gxk—Q " s.t. ce(o,7) = a(0)a(r)a(o7) !
» Define V,(E)* = V,(E) ® Q with Gk-action: P+ 1, (° P) ® a(c)
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Isotypic varieties
@ A/k such that Ar ~ E9 with k = TR or CM, F/k solvable
@ Eisak-curve: Vo € Gal(Q/k) 3 p,: “E—E
@ Can define a map
Pep: Gk —  Aut(Vy(E))
o +— P—u(°P)
> pe(0)pe(r) = ce(o,7)pe (o) and ce € H?(Gk, Q™)
@ Theorem (Tate): 3 a: Gxk—Q " s.t. ce(o,7) = a(0)a(r)a(o7) !
» Define V,(E)* = Vy(E) ® Q with Gk-action: P — (7 P) ® a(0)
» This is an honest 2-dimensional representation!
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Isotypic varieties
@ A/k such that Ar ~ E9 with k = TR or CM, F/k solvable
@ Eisak-curve: Vo € Gal(Q/k) 3 p,: “E—E
@ Can define a map
Pep: Gk —  Aut(Vy(E))
o +— P—u(°P)
» pee(0)pEe(T) = Ce(o, T)pE (o) and ce € H?(Gk, Q%)
@ Theorem (Tate): 3 a: Gxk—Q " s.t. ce(o,7) = a(0)a(r)a(o7) !
» Define V,(E)* = Vy(E) ® Q with Gk-action: P — (7 P) ® a(0)
» This is an honest 2-dimensional representation!
@ An Artin representation: V(E, A)® = Hom(E, Af) ® Q, ~ QY
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Isotypic varieties
@ A/k such that Ar ~ E9 with k = TR or CM, F/k solvable
@ Eisak-curve: Vo € Gal(Q/k) 3 p,: “E—E
@ Can define a map
Pep: Gk —  Aut(Vy(E))
o +— P—u(°P)
» pee(0)pEe(T) = Ce(o, T)pE (o) and ce € H?(Gk, Q%)
@ Theorem (Tate): 3 a: Gxk—Q " s.t. ce(o,7) = a(0)a(r)a(o7) !
» Define V,(E)* = Vy(E) ® Q with Gk-action: P — (7 P) ® a(0)
» This is an honest 2-dimensional representation!
@ An Artin representation: V(E, A)® = Hom(E, Af) ® Q, ~ QY
» with action of Gy given by ¢ — “po us' @ a(o)™!
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Isotypic varieties
@ A/k such that Ar ~ E9 with k = TR or CM, F/k solvable
@ Eisak-curve: Vo € Gal(Q/k) 3 p,: “E—E
@ Can define a map
Pep: Gk —  Aut(Vy(E))
o +— P—u(°P)
» pee(0)pEe(T) = Ce(o, T)pE (o) and ce € H?(Gk, Q%)
@ Theorem (Tate): 3 a: Gxk—Q " s.t. ce(o,7) = a(0)a(r)a(o7) !
» Define V,(E)* = Vy(E) ® Q with Gk-action: P — (7 P) ® a(0)
» This is an honest 2-dimensional representation!
@ An Artin representation: V(E, A)® = Hom(E, Af) ® Q, ~ QY
» with action of Gy given by ¢ — “po us' @ a(o)™!

Theorem (Fité-G)
Vi(A) © Q, ~ Vi(E)* @ V(E, A)® J
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Isotypic varieties
@ A/k such that Ar ~ E9 with k = TR or CM, F/k solvable
@ Eisak-curve: Vo € Gal(Q/k) 3 p,: “E—E
@ Can define a map
Pep: Gk —  Aut(Vy(E))
o +— P—u(°P)
> pE(0)pEe(T) = Ce(o, 7)pEe(07) and ce € H?(Gk, Q%)
@ Theorem (Tate): 3 a: Gxk—Q " s.t. ce(o,7) = a(0)a(r)a(o7) !
» Define V,(E)* = Vy(E) ® Q with Gk-action: P — (7 P) ® a(0)
» This is an honest 2-dimensional representation!
@ An Artin representation: V(E, A)® = Hom(E, Af) ® Q, ~ QY
» with action of Gy given by ¢ — “po us' @ a(o)™!
Theorem (Fité-G)
Vi(A) ® Q, ~ Vi(E)* ® V(E, A)" J

@ Corollary: ST ~ SU(2) x Gal(F/k) ~» Sato—Tate holds for A.
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Isotypic varieties
@ A/k such that Ar ~ E9 with k = TR or CM, F/k solvable
@ Eis a k-curve: Vo € Gal(Q/k) 3 p,: TE—E
@ Can define a map
Pep: Gk —  Aut(Vy(E))
o +— P—u(°P)
» pee(0)pEe(T) = Ce(o, T)pE (o) and ce € H?(Gk, Q%)
@ Theorem (Tate): 3 a: Gxk—Q " s.t. ce(o,7) = a(0)a(r)a(o7) !
» Define V,(E)* = Vy(E) ® Q with Gk-action: P — (7 P) ® a(0)
» This is an honest 2-dimensional representation!
@ An Artin representation: V(E, A)® = Hom(E, Af) ® Q, ~ QY
» with action of Gy given by ¢ — “po us' @ a(o)™!
Theorem (Fité-G)
Vi(A) ® Q, ~ Vi(E)* ® V(E, A)" J
@ Corollary: ST ~ SU(2) x Gal(F/k) ~» Sato—Tate holds for A.

@ A similar result holds when Ag ~ B9 and B an abelian surface with

QM, an abelian surface with RM or an abelian fourfold with QM.
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Examples

Natural question
Are there many examples of A/Q such that Ag ~ B9?
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Examples

Natural question
Are there many examples of A/Q such that Ag ~ B97? J

@ Natural source of examples: the A coming from modular forms.
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Examples

Natural question
Are there many examples of A/Q such that Ag ~ B97? J

@ Natural source of examples: the A coming from modular forms.

@ For levels N < 500 they have been computed by Jordi Quer
(“Fields of definition of blocks, 2008)

» One finds numerous examples of these varieties!
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Examples

Natural question
Are there many examples of A/Q such that Ag ~ B97? J

@ Natural source of examples: the A coming from modular forms.

@ For levels N < 500 they have been computed by Jordi Quer
(“Fields of definition of blocks, 2008)

» One finds numerous examples of these varieties!
@ Happy birthday Jordi!
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Tate module tensor decompositions and Sato-Tate
conjecture for varieties potentially of GL,-type

Francesc Fité (MIT) Xevi Guitart (UB)

Seminari de teoria de nombres, Barcelona Gener 2020
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