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Sato–Tate conjecture for elliptic curves
E/k elliptic curve, p ⊂ Ok a prime of good reduction
 ap = |p|+ 1−#E(Ok/p)

Hasse’s bound: |ap| ≤ 2
√
|p| āp =

ap√
|p|

belongs to [−2,2] ⊂ R

Conjecture (Sato–Tate)

If E is not CM {ap}p is equidistributed in [−2,2] w.r.t µ(x) = 1
π

1√
4−x2

.

Equidistributed: ∀ f : [−2,2]→R∫ 2

−2
fdµ = lim

N→∞

∑
|p|≤N f (āp)∑
|p|≤N 1

.

If E has CM one needs to consider other distributions.

Theorem (known cases of Sato–Tate)
If E has CM (Deuring, Hecke)
If k is a totally real field (2009, Barnet-Lamb, Geraghty, Harris, Taylor)
If k is a CM field (2018, 10 author’s paper)
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Sato–Tate for abelian varieties
A/k abelian variety if dimension g ≥ 1.

I Assume A is “generic” (for g ≤ 3 this means End(AQ) = Z)
ρA,` : Gk→Aut(V`(A)) ' GL2g(Q`)

I Lp(T ) = det(T − Frp|V`(A)
) and L̄p(T ) = Lp( T√

|p|
)

I Weil: roots of L̄p(T ) conjugate pairs of complex numbers of norm 1
I L̄p(T ) charpoly of Xp ∈ USp2g = {M ∈ M2g(C):M tJM = J,MM∗ = I}

{L̄p(T )}p ⊂ Conj(USp2g)

I µg push forward of the Haar measure by USp2g→Conj(USp2g)

Sato–Tate conjecture

{L̄p(T )}p equidistributed in Conj(USp2g) by µg

g = 1: Conj(USp2) ' Conj(SU(2))
tr→ [−2,2] and µ1 = µ

For non-generic A/k Serre defined:
I A STA ⊂ USp2g compact
I p xp ∈ Conj(STA) such that charpoly(xp) = L̄p(T )
I Conjecture: {xp}p ⊂ Conj(STA) equidist. w.r.t Haar measure of STA
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Strategy for proving Sato–Tate
{xp}p ⊂ Conj(G) and ρ : G→GLd (C) representation

L(ρ, s) =
∏
p

det(1− ρ(x̃p)|p|−s)−1 for Re(s) > 1

Theorem (Tate, Serre)
If ∀ ρ 6= 1 irred. L(ρ, s) is invertible (analytic on Re(s) ≥ 1, L(ρ,1) 6= 0)
then Sato-Tate holds

e.g., for g = 1 SU(2) acts on C2 and the irreducible
representations are Symm(C2), m ≥ 1

I Relevant L-functions: L(s,SymmV`(E)) =
∏

p

∏m
j=0(1−αj

pβ
m−j
p |p|−s)

If one could show that L(s,SymmV`(E)) = L(s, πm) for some
automorphic form πm on GLm+1(Ak ) this would give Sato–Tate

I This is not how the known cases of Sato–Tate are proved
I Potential modularity results are enough
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Potential modularity and Sato–Tate
Theorem
(Allen-Calegari-Caraiani-Gee-Helm-Le Hung-Newton-Scholze-Taylor-Thorne)

Suppose V is the 2-dimensional `-adic representations associated to
an elliptic curve E/k with k a CM field (or to A/k of GL2-type). There
exists a finite Galois extension L/k such that SymmVGL is automorphic.

This is enough for Sato–Tate for E/k by the Brauer–Taylor trick

I 1 =
∑

ai IndGal(L/k)
Gal(L/Li )

ψi with Gal(L/Li ) solvable and ψi characters

L(s,SymmV ) =
∏

i

L(s,Symm(V )⊗ IndGal(L/k)
Gal(L/Li )

ψi)
ai

=
∏

i

L(s,V|Li
⊗ ψi)

ai

I L/Li solvable V|Li automorphic
I ψi is a Hecke character automorphic
I Shahidi: L(1, π1 × π2) 6= 0
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Brauer–Taylor + ε (Murty–Murty)

They consider G = SU(2)× Gal(F/k) with F/k solvable

Shows up in studying equidistribution of (ap,Frp)

I e.g. k = Q, F = Q(ζn) equidistribution of āp s.t. p ≡ a (mod n)

Theorem (Murty–Murty)
L(s,Symm(V`(E))⊗ r) is invertible ∀ non-trivial r : Gal(F/k)→GLd (C).

Idea
If A/k is an abelian variety such that V`(A) ' V ⊗W with

V a 2-dimensional `-adic rep’n of Gk

W an Artin representation of Gk that factors through solvable F/k
then Sato–Tate follows for A.

Inspired by work of Noah Taylor who did it in dim A = 2
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Outline

1 Sato–Tate conjecture for elliptic curves

2 Sato–Tate for abelian varieties

3 Strategy for proving Sato–Tate

4 Tate module decomposition and Sato–Tate
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Isotypic varieties
A/k such that AF ∼ Eg with k = TR or CM, F/k solvable

E is a k -curve: ∀σ ∈ Gal(Q/k) ∃ µσ : σE→E
Can define a map

ρ̃E ,` : Gk → Aut(V`(E))
σ 7→ P 7→ µσ(σP)

I ρ̃E,`(σ)ρ̃E,`(τ) = cE (σ, τ)ρ̃E,`(στ)

and cE ∈ H2(Gk ,Q×)

Theorem (Tate): ∃ α : Gk→Q× s.t. cE (σ, τ) = α(σ)α(τ)α(στ)−1

I Define V `(E)α = V`(E)⊗Q with Gk -action: P 7→ µσ(σP)⊗ α(σ)
I This is an honest 2-dimensional representation!

An Artin representation: V (E ,A)α = Hom(E ,AF )⊗Q` ' Qg
`

I with action of Gk given by ϕ 7→ σϕ ◦ µ−1
σ ⊗ α(σ)−1

Theorem (Fité-G)

V`(A)⊗Q` ' V `(E)α ⊗ V (E ,A)α

Corollary: STA ' SU(2)× Gal(F/k) Sato–Tate holds for A.
A similar result holds when AF ∼ Bg and B an abelian surface with
QM, an abelian surface with RM or an abelian fourfold with QM.
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Examples

Natural question
Are there many examples of A/Q such that AQ ∼ Bg?

Natural source of examples: the Af coming from modular forms.
For levels N ≤ 500 they have been computed by Jordi Quer
(“Fields of definition of blocks, 2008)

I One finds numerous examples of these varieties!

Happy birthday Jordi!
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Tate module tensor decompositions and Sato-Tate
conjecture for varieties potentially of GL2-type

Francesc Fité (MIT) Xevi Guitart (UB)
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